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lon enepy stragglingis accomodatedh condensedhistory (CH) Monte Carlo simulationby sampling
enepgy-lossesat the end of a fixed spatialstepfrom precomputedpathlengthdependenenepgy-loss
distributions. Thesedistributionsareessentiallysolutionsto a straightaheadransportequationgiven

by

(s, B) _ /Q’"” dQ 0.(E,Q)(s, E + Q) — oo(E)(s, E), s> 0, (1)
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with monoenageticincidencey (0, E) = §(Ey — E). In Eq.(1),s is the pathlengthvariable,o.(E, Q)
is the differentialcrosssectionfor enegy loss @, typically givenby the relatvistic Rutherfordcross
sectionfor hardcollisions[1, 2], o.(F) is thetotal ion-electronscatteringcrosssection,and@,,;, and
Qmas are,respectrely, the minimum and maximumenepgy transferper collision. Direct solution of
Eq.(1) by stochasticor deterministicnumericaltechniqueds not feasiblebecauseof the very small
enegy transfersandvery small meanfree pathsthat characterize&ehaged particleinteractions.Con-
densedistorycodegypically employ anapproximatesolutiondueto Vavilov [1], obtainedassuminga
constanmeanfree pathandthusrestrictedto shortstepsizes.This solutionis formal andits numerical
evaluationcanbe computationallylaborious,especiallyfor small stepsizes.In practice,Monte Carlo
codeshave incorporatedhe Vavilov theorythroughelaboratenumericalapproximationssuchastrun-
catedEdgevorth expansionscurve-fitting approximationsisingMoyal functionsfor smallpenetration
depthsor higherenepies,andspecialtreatmentgor the large enegy-losstail of thedistribution. [3]

In this papemwe proposeanalternatve approactwhichis alsovalid underthe conditionsof the Vavilov
theorybut hasthe potentialof beingcomputationallynoreefficient. We begin by expressingeq.(1)in
thefollowing purelylocal or differentialform

(s, B) 21 o

T 0s A nloE [Qn(E)Y (s, E)]. (2)

where@,(F) = QQm“ dQQ"o.(F,Q), n = 1,2---, areenegy-lossmoments.We notethat @ is
justthemeanenegy lossor stoppingpower (.S) while @, is themean-squarenegy lossor straggling
coeficient (7). Equation(2) shows thatthe spectrunis completelycharacterizedtby theseenegy-loss
momentsandthatincreasinglymoreaccuratghysicscanbe capturedoy retainingsuccessiely higher
orderenegy-lossmoments.In particulay truncatingthe expansionin Eq.(2)atlowestorderyieldsthe
continuousslowing down approximationwhich only preseresthe first momentor the meanenegy
loss. Stragglingis introducedby alsoretainingthe mean-squarenepgy lossmoment@),, giving the
Fokker-Planckapproximationandthis yields a Gaussiarenegy spectrumwhich is accurateor thick
targetsor atlow enegies. At higherenegiesor for thin targets,highermomentanustbe preseredbut
it canbe shown thattruncationordershigherthansecond(i.e., strictly Fokker-Planck)are not stable.
For instancethethird ordertermintroducesunphysicabscillationsin thesprectrumwhile retainingthe
fourth ordertermyields an unboundedsolution. However, the generalized-okker-Planckexpansion
revealsthe centralrole playedby theseenegy-lossmomentsandfurthermoresuggestshe following
moment-basedpproachto computingstraggledspectrafor finite stepCH simulations:approximate
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thecollisionintegral suchthata finite numberof low orderenegy-lossmomentsareexactly presered

whilst all higherordermomentsareapproximatedn termsof theselower ordermoments.The expec-
tation is that by not preservingall momentsrigorously the resultingenegy losskernelwill beless
forward pealed, andthe meanfree pathlonger thanthe actual,leadingto a computationallymoreef-

ficienttransportfprocess Moreover, the approximations systematiagn that preservingnoremoments
yields anincreasinglymorerefinedsolution. We notethat a relatedapproachhasrecentlybeenused
to dealwith forward pealed angularscattering4]. After someanalysis our effective transporimodel

takestheform

a¢ 5, F) / lak (- )/ﬂk] W(s, B")dE' — 6,(s, E), (3)

wheres; = Y& | 5, is the effective total crosssection. The parameterg sy, i, k= 1,2--- K}, are

chosento rigorously reproducethe first 2K enegy-lossmomentsof the exact crosssection,andwe

conjecturethatin thelimit as K — oo the approximatemodelwill reproducehe exact model. We

have consideredhis modelfor K = 1 and K = 2 specifically The former casepreseresthe mean

and mean-squarenomentsexactly andyields g; = 25, 01 = % For K = 2 thefree parameters
are nonlinearlyrelatedto the first four momentsbut accurateexplicit approximationsanbe readily

constructed.

We have obtainedclosedform solutionsto Eq.(3) for the two- and four-momenttheoriesin terms
of readily computablespecialfunctions. Thesesolutionsare comparedagainststraggledspectraob-
tainedfrom (i) analogor singleeventMonte Carlo simulationof the exacttransportprocessyiven by
Eq.(2),(ii) theVavilov theoryasimplementedn theMCNPX code[5, 6], and(iii) aGaussiarsolution.
Numericalresultshave beenobtainedfor 1700 MeV protonsincidenton a tungstentarget, with the
straggledspectrdor 1 and2 cm slabthicknesdisplayedn Figurel andthe spectrdor 0.5 cm shavn
in Figure2. It is clearfrom theseresultsthatthe four-momenttheoryis highly accurateandcaptures
the skewnessin the spectravery well. While the two-momentresultsappeamore accuratethanthe
Gaussianparticularlyin the tails of the distribution, both are unacceptablynaccurate.Thicknesses
in excessof 20 cm arenecessarypeforethe lowesttwo momentsdominatethe stragglingenoughfor
thetwo-momentsolutionto be accuratealthoughthe assumptionsinderlyingthe Vavilov modelmay
becomeayuestionableindertheseconditions.For thicknessegessthan(0.5 cm the four-momenttheory
is lessaccurateasthe spectrumbecomeshighly asymmetriowvith long low enegy tails. Nevertheless,
theaccurag of thespectrunrealizedwith only four momentss striking. TheVavilov distribution cap-
turesthe high enegy partandthe peakof the distribution accuratelybut displaysartefactsin the low
enepy (largeenepgy-loss)tail. Thisphenomenois currentlybeinginvestigatedurther. Theresultsof
this studyclearly shav thatmoment-preservingffective transportmodelsprovide a viable alternatve
to the Vavilov theoryfor enepgy lossstragglingin thin slabs.An assessmertf the computationakf-
ficiengy of this approachpasedon both singleeventMonte Carlo simulationanddirectdiscretization
of the effective transportmodel given by Eq.(3),aswell asseveral otherissuesformsthe subjectof
ongoingwork.
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Figure Captions
Figurel : StraggledProtonEnegy Spectraat1 & 2cmDepthin Tungsten

Figure2 : StraggledProtonEnegy Spectrumat 0.5cmDepthin Tungsten



Straggled Energy Distribution

1700 MeV protons on 1 and 2 cm W
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Straggled Energy Distribution
1700 MeV protons on 0.5cm W
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