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Abstract

A classof finite discretedynamicalsystems,calledSequential Dynamical Systems(SDSs),was
introducedin [BMR99, BR99]asa formalmodelfor analyzingsimulationsystems.An SDS

�
is a triple���
	��
	����

, where(i)
������	����

is anundirectedgraphwith � nodeswith eachnodehaving astate,(ii)
�������� 	!��"�	$#%#%#$	���&('

, with
�*)

denotinga functionassociatedwith node+ )�,-�
and(iii)

�
is apermutationof

(or total orderon) thenodesin
�

. A configurationof anSDSis an � -vector
��.%� 	!./"*	$#%#$#%	�.0&1�

, where
.0)

is
thevalueof thestateof node + ) . A singleSDStransitionfrom oneconfigurationto anotheris obtained
by updatingthestatesof thenodesby evaluatingthefunctionassociatedwith eachof themin theorder
givenby

�
. Here,weaddressthecomplexity of two basicproblemsandtheir generalizationsfor SDSs.

GivenanSDS
�

anda configuration2 , thePREDECESSOR EXISTENCE (or PRE) problemis to deter-
minewhetherthereis aconfiguration243 suchthat

�
hasatransitionfrom 253 to 2 . (If 2 hasnopredecessor,2 is known asagardenof Edenconfiguration.)Ourresultsprovideseparationsbetweenefficiently solv-

ableandcomputationallyintractableinstancesof thePRE problem.For example,we show that thePRE

problemcanbesolvedefficiently for SDSswith Booleanstatevalueswhenthenodefunctionsaresym-
metric andthe underlyinggraphis of boundedtreewidth. In contrast,we show that allowing just one
non-symmetricnodefunctionrenderstheproblemNP-completeevenwhentheunderlyinggraphis a tree
(which hasa treewidth of 1). We alsoshow that thePRE problemis efficiently solvablefor SDSswhose
statevaluesarefrom afield andwhosenodefunctionsarelinear. Someof thepolynomialalgorithmsalso
extendto the casewherewe want to find an ancestorconfigurationthat precedesa givenconfiguration
by a logarithmicnumberof steps.Our resultsextendsomeof the earlierresultsby Sutner[Su95] and
Green[Gr87] on the complexity of the PREDECESSOR EXISTENCE problemfor 1-dimensionalcellular
automata.

Giventheunderlyinggraph
�����6	7�8�

, andtwo configurations2 and 2 3 of anSDS
�

, the PERMUTA-
TION EXISTENCE (or PME) problemis to determinewhetherthereis a permutationof nodessuchthat

�
hasa transitionfrom 2 3 to 2 in onestep.We show that thePME problemis NP-completeevenwhenthe
functionassociatedwith eachnodeis a simple-thresholdfunction. We alsoshow thata generalizedver-
sionof thePME (GEN-PME) problemis NP-completefor SDSswhereeachnodefunctionis NORandthe
underlyinggraphhasamaximumnodedegreeof 3. WheneachnodecomputestheORfunctionor when
eachnodecomputesthe AND function,we show that the GEN-PME problemis solvablein polynomial
time.
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1 Intr oduction and Moti vation

We studythe computationalcomplexity of somebasicproblemsthat arisein the context of a new classof
discretefinite dynamicalsystems,calledSequentialDynamical Systems(henceforthreferredto asSDSs),
proposedin [BR99, BMR99]. A formal definitionof sucha systemis given in Section2. SDSsareclosely
relatedto classicalCellularAutomata(CA), awidely studiedclassof dynamicalsystemsin physicsandcom-
plex systems.They arealsocloselyrelatedto a recentlyproposedextensionof CA calledgraph automata
[NR98]. Decidabilityissuesfor dynamicalsystemsin generalandCA in particularhavebeenwidely studied
in the literature[Wo86, Gu89]. In contrast,computationalcomplexity questionsarisingin thestudyof CA
andrelateddynamicalsystemshave receivedcomparatively lessattention.

In simpleterms,anSDS ;=<?>A@
B!CDB0E6F consistsof threecomponents.@G>AHIB0J
F is anundirectedgraph
with K nodeswith eachnodehaving a state. CL<NMPO � B%O � B�Q�Q�Q�B%OSR�T , with OSU denotinga functionassociated
with node VSU . E is a permutationof (or a total orderon) thenodesin H . A configuration of anSDSis anK -vector >XW � B%W � B�Q�Q�Q�B%W$RYF , where W%U is thevalueof thestateof node V1U ( ZG[]\8[�K ). A singleSDStransition
from oneconfigurationto anotheris obtainedby updatingthe stateof eachnodeusingthe corresponding
function.Theseupdatesarecarriedout in theorderspecifiedby E .

Theresearchreportedhereis apartof aprogram4 to provideaformalbasisfor thedesignandanalysisof
large-scalecomputersimulations, especiallyfor socio-technicalsystems[BE+01]. Examplesof suchsystems
includevariousnationalinfrastructuresincludingtransportation,power andcommunication.It is difficult to
give a precisedefinitionof a computersimulationthat is applicableto thevarioussettingswhereit is used.
Nevertheless,animportantaspectof any computersimulationis thegenerationof globaldynamicsby iterated
compositionof localmappings.Thus,weview simulationsascomprisedof acollectionof entitieswith state
values,local rules(functions)for statetransitions,aninteractiongraphcapturingthelocal dependency of an
entity onotherneighboringentitiesandanupdatesequenceor schedulesuchthatthecausalityin thesystem
is modeledby the iteratedcompositionof local functions. The informal descriptionof SDSgiven above
canbeseento capturethesefeatures.For additionalinformationregardinghow SDSscanbeusedto model
simulations,wereferthereaderto [BB+99, BE+01].

Simulation of Mobile/Adhoc Communication Networks: Onemotivation to studySDSis derived from
theirapplicabilityin specifyinglargescalesimulationof mobilenetworks[BM+00] coinedAdhopNET. For
simplicity of description,thebasicframework consistsof threeingredients.Transceiversaretheagentsof
thesimulationandcorrespondto thenodesin theinteractiongraph.Thereis adirectededgefrom transceiver^

to transceiver _ if andonly if transceiver _ is within theeffective broadcastrangeof transceiver
^

(i.e.,
_ canreceive signalsfrom

^
within acertainacceptablelevel of signal-to-noiseratio). Thelocal functionat

eachnodecorrespondsto theparametricrepresentationof theprotocolsthatwe useto representeachagent.
A numberof additionalfeaturescanbe addedto this basicmodelbut we omit themfor reasonsof brevity
andclarity. In thissetting,wecanshow thattwo differenthand-off protocolscanbesimulatedby essentially
changingtheorderof updates.In thebasestationinitiatedhand-off, thebasestationcontinuallymonitorsthe
strengthof thereceivedsignalandmakesa decisionto initiate a hand-off. Here,we first updatethemobile
units andthenthebasestations.In the receiverorientedhand-off protocols,a receiver initiatesa hand-off
by monitoringthestrengthof thebeaconsof theneighboringbasestations.In this casethemobileunitsare
updatedafter thebasestations.5 Again, the importantpoint to noteis thatsequentialprocessingof nodesis
morerealisticandusefulfor modelingrealprotocolsasopposedto synchronousupdates.

In [BH+01b, BH+01c],westudiedthecomplexity of someconfigurationreachabilityproblemsfor SDSs.
Here,we focuson thecomplexity of two basicproblemsfor SDSs,namelyPREDECESSOR EXISTENCE and

4Seehttp://tsasa.lanl.gov for additionaldetailson thisprogram.
5In therealsystem,thereis asequenceof alternatingupdatesbut we omit this complicationhere.
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PERMUTATION EXISTENCE. We now discusstheseproblemsinformally anddefertheformal definitionsto
Section2.3. Given anSDS ; = >A@
B!CDB0E6F anda configuratioǹ , the PREDECESSOR EXISTENCE problem
(abbreviatedasPRE) is to determinewhethertheconfiguratioǹ hasa predecessor;that is, whetherthereis
a configuratioǹba suchthat ; hasa transitionfrom `ba to ` in onestep. Givena partially specifiedSDS ;
consistingof theunderlyinggraph @G>AHIB0J
F , theset C of functionsassociatedwith thenodesandtwo con-
figurations̀ and `ba , thePERMUTATION EXISTENCE problem(abbreviatedasPME) is to determinewhether
thereis a permutationE of thenodessuchthatunderpermutationE , thereis a transitionfrom ` a to ` in one
step. The PRE problemis a classicalproblemstudiedby thedynamicalsystemscommunityin thecontext
of CA [Su95, Gr87]. ThePME problemis importantin thecontext of SDSssincetwo differentnodepermu-
tationsmaygive rise to totally differentbehaviors of theunderlyingdynamicalsystem.An investigationof
theseproblemsis helpful in obtaininga betterunderstandingof thedynamicalsystemsmodeledby SDSs.
Predecessorexistencequestionis directly relatedto certainlivenesspropertiesof certainnetwork protocols
[GC86,Pe97]. Our conclusionis thatthesequestionsare,in general,computationallyintractable.However,
we identify anumberof specialclassesof SDSsfor which thequestionscanbeansweredefficiently. Several
of our resultsarealsoapplicableto cellularautomata(CA) andgraphautomata(GA).

The remainderof thepaperis organizedasfollows. In Section2 we provide thenecessarydefinitions.
Section3 summarizesour resultsanddiscussesrelatedresultsfrom the literature.Sections4 and5 present
our resultsfor PREDECESSOR EXISTENCE andPERMUTATION EXISTENCE problemsrespectively.

2 Definitions and ProblemFormulations

2.1 SequentialDynamical Systems

A SequentialDynamical System(SDS) ; overagivendomainc of statevaluesis atriple >A@-B!CdB0E6F , whose
componentsareasfollows:

1. @e>AHfB0J-F is a finite undirectedgraphwithout multi-edgesor self loops. @ is referredto astheunder-
lying graph of ; . We use K to denoteghHig and j to denoteg Jdg . Thenodesof @ arenumberedusing
theintegers1, 2, Q�Q�Q , K .

2. For eachnode\ of @ , C specifiesa local transition function, denotedby O U . ThisfunctionmapsclkAm�n �
into c , where o�U is thedegreeof node \ . Letting pq>�\�F denotethesetconsistingof node \ itself andits
neighbors,eachparameterof O U correspondsto a memberof pq>�\�F . Throughoutthepaper, we assume
thatthelocal transitionfunctionassociatedwith eachnodecanbeevaluatedin polynomialtime.

3. Finally, E is a permutationof MrZ1B%s(B�Q�Q�QSB/KtT specifyingthe order in which nodesupdatetheir states
usingtheir local transitionfunctions.Alternatively, E canbeenvisionedasa total orderon thesetof
nodes.

A configuration ` of ; canbe interchangeablyregardedasan K -vector >vu � B0u � B�Q�Q�Q�B0u$R4F , whereeachu�UIwDc , Zx[y\z[yK , or asa function `|{YH~} c . Fromthefirst perspective, u$U is thestatevalueof node\ in
configuratioǹ , andfrom thesecondperspective, `�>�\�F is thestatevalueof node\ in configuratioǹ .

Computationally, eachstepof anSDS(i.e., thetransitionfrom oneconfigurationto another),involves K
substeps,wherethenodesareprocessedin thesequentialorderspecifiedby permutationE . The“processing”
of a nodeconsistsof computingthevalueof thenode’s local transitionfunctionandchangingits stateto the
computedvalue.Thefollowing pseudocodeshows thecomputationsinvolvedin onetransition.
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for \t<�Z to K do
(i) Node EI>�\�F evaluatesOS�r� U�� . (This computationusesthecurrent valuesof thestateof EI>�\�F andthoseof

theneighborsof EI>�\�F .) Let � denotethevaluecomputed.
(ii) Node EI>�\�F setsits state���r� U�� to � .

end-for

We let ��� denotetheglobal transition function associatedwith ; . This functioncanbeviewedeither
asa function that mapsc R

into c R
or asa function that maps c8� into c8� . � � representsthe transitions

betweenconfigurations,andcanthereforebeconsideredasdefiningthedynamicbehavior of SDS ; .
Let � denotethedesignatedconfigurationof ; at time 0. Startingwith � , theconfigurationof ; after�

steps(for
�����

) is denotedby �4>�;lBX��B � F . Note that �4>�;�BX��B � F
<�� and �4>�;�BX�8B ��� Z�Fl<�����>��4>�;8BX��B � F/F .
Consequently, for all

�z�y�
, �4>�;8BX��B � Ff<��6���0>��zF .

Recallthata configuratioǹ canbeviewedasa function thatmaps H into c . As a slight extensionof
this view, we usèI>A��F to denotethestatesof thenodesin � ��H . `I>A��F is calleda subconfiguration of
` .

Thephasespace��� of anSDS ; is a directedgraphdefinedasfollows: Thereis a nodein ��� for each
configurationof ; . Thereis a directededgefrom a noderepresentingconfiguratioǹ to that representing
configuratioǹ�a if ���f>�`�Fx< `�a . In sucha case,we alsosaythat configuratioǹ is a predecessorof con-
figuration ` a . SinceSDSsaredeterministic,eachnodein its phasespacehasanoutdegreeof 1. In general,
thephasespace�x� mayhave aninfinite numberof nodes.Whenthedomain c of statevaluesis finite, the
numberof nodesin thephasespaceis g c-g R .

A nodein phasespacemayhavemultiplepredecessors.Thismeansthatthetimeevolutionmapof anSDS
is, in general,not invertible but is contractive. Theexistenceof configurationswith multiple predecessors
alsoimplies thatcertainconfigurationsmayhave no predecessors.A configurationwith no predecessorsis
referredto asa garden of Eden configuration.Suchconfigurationscanoccuronly asinitial statesandcan
never begeneratedduringthetimeevolution of anSDS.

2.2 Variations of the BasicSDSModel

Theabove definitionof anSDSimposesno restrictionson eitherthedomain c of statevaluesor the local
transitionfunctions,exceptthat therangesof thelocal transitionfunctionsmustbesubsetsof c . SDSsthat
modelsimulationsystemscanbeobtainedby appropriatelyrestrictingc and/orthelocal transitionfunctions.
We usethenotation“(x,y)-SDS” to denoteanSDSwhere‘x’ specifiestherestrictionon thedomainand‘y’
specifiestherestrictiononthelocal transitionfunctions.Somerestrictionsstudiedin thispaperarediscussed
below.

References[BMR99,BMR00,MR99, Re00] studiedSDSswith BooleandomainsandsymmetricBoolean
localtransitionfunctions.(Thedefinitionof symmetricBooleanfunctionsis givenin Section2.4.)Wedenote
suchanSDSby (BOOL, SYM)-SDS.Symmetricfunctionsprovide onepossibleway to model“meanfield
effects” usedin statisticalphysicsandstudiesof otherlarge-scalesystems.A similar assumptionhasbeen
madein [BPT91]. As will beseenin Section4, symmetryplaysan importantrole in separatingefficiently
solvableandcomputationallyintractableversionsof the PME problemfor SDSswhoseunderlyinggraphs
have boundedtreewidth.

A restrictedclassof (BOOL, SYM)-SDSsis obtainedby requiringthe local transitionfunctionsto be
monotoneaswell. It canbe seenthata Booleanfunction is symmetricandmonotoneif andonly if it is a¡
-simplethresholdfunction (definedin Section2.4) for someinteger

¡ ���
. Therefore,over the Boolean

domain,the classof SDSswhereeachnodefunction is symmetricandmonotonecoincideswith the class
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of SDSswhereeachnodefunction is a
¡
-simple-thresholdfunction for someinteger

¡ �¢�
. We denote

this restrictedclassby (BOOL, ST)-SDS.A classof symmetricbut not monotoneBooleanfunctionsis that
of

¡
-tally functions(definedin Section2.4) for any integer

¡ �£�
. Theclassof SDSsin which eachnode

computesthe
¡
-tally function for somenonnegative integer

¡
is denotedby (BOOL, TALLY)-SDS.SDSs

in which the local transitionfunctionsarenot necessarilysymmetricarealsoconsideredin thecompanion
papers[BH+01a, BH+01b,BH+01d].

Someof ourresultsarefor SDSsovertheBooleandomainwherethenodefunctionsarefromanexplicitly
specifiedsetof Booleanfunctions.For example,wheneachnodefunctionis AND, thecorrespondingclass
of SDSsis denotedby (BOOL, AND)-SDS.If the setof nodefunctionshascardinalitytwo or more,then
standardsetnotationis usedastherestrictionon thelocal transitionfunctionsin thenotationfor suchSDSs.
For example,wheneachnodefunction is from the set M XOR, XNOR T , the correspondingclassof SDSsis
denotedby (BOOL, M XOR, XNOR T )-SDS.

We alsoconsiderSDSsover analgebraicfield wherethenodefunctionsarelinearcombinationsof the
inputs. Theclassof suchSDSsis denotedby (FIELD, L INEAR)-SDS.To specifythenodefunctionsmore
precisely, considereachnode V1U of a (FIELD, L INEAR)-SDS,andrecall that pq>�\�F
<¤M*VSU!B/V1U�¥�B/VSU�¦SB�Q�Q�Q*B/V1U�§ST
denotesthe neighborsof V1U , including V1U itself. Eachlocal transitionfunction OSU , Zq[¨\©[¢K , hasthe
following form:

OSU/>X��U7B%��U�¥ B�Q�Q�Q��*U § Ff<]ª6U � «
¬X­*®1¯ � U��P° U²±´³µ�$±¶Q (1)

Here, ª U and ° U²± ( Z-[·\´[¸K and Z-[º¹D[¸» ) are(scalar)constants,� ± is thestatevalueof node V ± , and‘
�

’
(addition)and‘ ³ ’ (scalarmultiplication)aretheoperatorsof thefield. We assumethat thefield operations
canbecarriedoutefficiently. Underthisassumption,it is well known (seefor example[Von93]) thatsolving
a setlinearequationsover thefield canbedonein polynomialtime. We usethis fact in Section4.2. When
theunderlyingfield is Booleanwith XOR denotingadditionandAND denotingscalarmultiplication,each
linearlocal transitionfunctionis eitherXOR or XNOR.

It is alsoof interestto considerdynamicalsystemmodelsobtainedby modifying somecomponentsof
anSDS.Onesuchmodelis a SynchronousDynamical System(SyDS),which is anSDSwithout thenode
permutation.In a SyDS,duringeachtime step,all thenodessynchronouslycomputeandupdatetheir state
values. Thus, SyDSsare similar to classicalCA with the differencethat the connectivity betweencells
is specifiedby an arbitrarygraph. The restrictionson domainandlocal transitionfunctionsfor SDSsare
applicableto SyDSsaswell.

2.3 ProblemsConsidered

In this paper, we studytwo basicproblemsandtheir extensionsthat arisein the context of SDSs. Some
of theseproblemshave beenstudiedin the context of CA. We provide formal definitionsof the two basic
problemsbelow.

1. Given an SDS ; = >A@G>AHfB0J-F$B!C¼B0E6F anda configuratioǹ , the PREDECESSOR EXISTENCE problem
(abbreviatedasPRE) is to determinewhetherthereis a configuratioǹba suchthat ����>�`ba½F�<�` . (Note
that ` hasapredecessorif andonly if ` is notagardenof Edenconfiguration.)

2. Givena partially specifiedSDS ; consistingof graph @G>AHIB0J
F , theset C of local transitionfunctions
associatedwith thenodesof @ , aninitial configuratioǹ a anda final configuratioǹ , thePERMUTA-
TION EXISTENCE problem(abbreviatedasPME) is to determinewhetherthereis a permutationE for
; suchthat ���t>�` a F�<·` .
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As stated,the PRE problemasksfor an immediatepredecessor;that is, whetherthereis a configuratioǹ a
from whichagivenconfiguratioǹ canbereachedin onetransition.It is possibleto generalizetheproblem
to thecasewherewearegivenaninteger

�z� Z , andthegoalis to determinewhetherthereis aconfiguration`ba from which ` canbereachedin exactly
�

transitions.Wecall this the
�
-PRE problem.

Givenan SDS ; = >A@G>AHIB0J
F$B!C¾B0E6F , let � <NM*V U�¥ B�Q�Q�QPB/V U�¿ T be a subsetof nodesin H . Recallthat the
statesof nodesin � is the subconfiguration>XW$U�¥ B%W$U�¦PB�Q�Q�Q�B%W$U ¿ F . Using this notation,we canstatethe SDS
analogsof someproblemsconsidered6 by Green[Gr87] in thecontext of infinite CA. Theseproblemscan
beviewedasextensionsof the

�
-PRE problem.

3. GivenanSDS ; = >A@G>AHfB0J-F$B!C¼B0E6F , a subsetof nodes� , a vector _�<À>XW U�¥ B%W U�¦ B�Q�Q�QPB%W U�¿ F thatspecifies
statevaluesfor the nodesin � andan integer

�¾� Z , the
�
-SUBCONFIGURATION PREDECESSOR

EXISTENCE problem(abbreviatedas
�
-SUB-PRE) is to determinewhetherthereareconfigurations̀�a

and ` suchthat ��� � >�` a F�<·` and _ is asubconfigurationof ` .

4. GivenanSDS ; = >A@G>AHfB0J-F$B!C¼B0E6F , a subsetof nodes� , a vector _�<À>XW$U�¥�B%W$U�¦PB�Q�Q�QPB%W%U�¿SF thatspecifies
statevaluesfor the nodesin � and an integer

�Á� Z , the
�
-SUBCONFIGURATION RECURRENCE

problem(abbreviatedas
�
-SUB-RECUR) is to determinewhetherthereareconfigurations̀ba and ` such

that ��� � >�` a F�<·` and _ is asubconfigurationof both ` a and ` ; in otherwords,thequestionis whether
thesubconfigurationrepresentedby _ will occuragainafterexactly

�
time steps.

5. Given an SDS ; = >A@G>AHIB0J
F$B!CÂB0E6F , an integer
�Â� Z and a temporalsequenceÃXW ¬ >!Z�F , W ¬ >Xs¶F , Q�Q�Q ,W ¬ > � F/Ä of

�
statevaluesof a given node V , the

�
-TEMPORAL SEQUENCE PREDECESSOR EXISTENCE

problem(abbreviatedas
�
-TEMP-SEQ-PRE) is to determinewhetherthereis aconfiguratioǹ suchthat��� ± >�`�F >�VYFI<]W ¬ >�¹(F , Z�[Á¹Å[ �

.

Anotherwayof thinkingaboutsubconfigurationsis to assumethataconfigurationspecifiessuitablestateval-
uesfor somenodesand“don’t-care”valuesfor othernodes.Thecorrespondingsubconfigurationis obtained
by retainingonly thenon-don’t-carevalues.Usingthis idea,it is possibleto formulateageneralizedversion
of thePME problemasfollows.

6. Given a partially specifiedSDS ; consistingof graph @G>AHIB0J
F , the set C of local transitionfunc-
tions associatedwith the nodesof @ , an initial configuratioǹ a anda final configuratioǹ possibly
containingdon’t-carevalues,theGENERALIZED PERMUTATION EXISTENCE problem(abbreviatedas
GEN-PME) is to determinewhetherthereis a permutationE for ; suchthat �6�t>�` a F and ` agreein all
thecomponentsof ` thathave non-don’t-carevalues.(In otherwords, ` succinctlyspecifiesa setof
configurations,and ����>�` a F maybeany oneof theseconfigurations.)

A summaryof our resultsfor theseproblemsis providedin Section3.

2.4 Other Relevant Definitions

Severalspecialclassesof Booleanfunctionsareconsideredin this paper. We provide formal definitionsof
theseclassesbelow.

Definition 2.1 A symmetric Booleanfunctionis onewhosevaluedoesnotdependon theorder in which the
input bitsarespecified;that is, thefunctionvaluedependsonly onhowmanyof its inputsare 1.

6The actualdefinitionsin [Gr87] are slightly different. Since the main goal of [Gr87] was to prove NP-completeness,the
problemswereformulatedwith time Æ equalto thenumberof nodesin thesubconfiguration.
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Definition 2.2 The
¡
-simple-threshold (Boolean)functionhasvalue1 if at least

¡
of theinputshavevalue

1; otherwise, thevalueof thefunctionis zero.

Definition 2.3 The
¡

-tally (Boolean)functionhasvalue1 if exactly
¡

of theinputshavevalue1; otherwise,
thevalueof thefunctionis zero.

It shouldbe notedthat both
¡
-simple-thresholdand

¡
-tally functionsare symmetric. The

¡
-simple-

thresholdfunctionsarealsomonotone.They areaspecialcaseof thresholdfunctions[Ko70].

In thispaper, NP-completenessresultsareestablishedusingreductionsfrom variantsof theSatisfiability
(SAT) problem.An instanceof SAT is specifiedby acollectionÇ¢<=M*� � B/� � B�Q�Q�Q*B/�ÈR�T of K Booleanvariables
anda collection ÉÊ<¤M�u � B0u � B�Q�Q�Q*B0u�ËÌT of j clauses,whereeachclauseis a setof literals. Thequestionis
whetherthereis anassignmentof Booleanvaluesto thevariablessothateachclauseis satisfied(i.e.,contains
at leastonetrueliteral). Thebipartite graph _G@ associatedwith aninstanceof SAT hasonenodefor each
variableandonenodefor eachclause;thereis an edgebetweena variablenodeanda clausenodeif the
variableoccurs(positively or negatively) in theclause.Definitionsof thevariousformsof SAT usedin the
paperaregivenbelow. Eachof thesevariantsis known to beNP-complete[GJ79, DF86].

Definition 2.4 (a) 3SAT is therestrictedversionof SAT in whicheach clausecontainsexactlythreeliterals.

(b) 3SAT-2OCCUR is therestrictedversionof SAT in which each clausecontainsexactlythreeliterals and
each literal occurs in at mosttwo clauses.

(c) MONOTONE 3SAT is therestrictedversionof SAT in which each clausecontainsexactlythreepositive
(unnegated)literals or exactlythreenegatedliterals.

(d) In PLANAR POSITIVE EXACTLY 1-IN-3 3SAT (abbreviatedas PL-PE3SAT), each clausecontains
exactly threepositiveliterals, the associatedbipartite graph is planar, and the questionis whether
there is a truth assignmentto thevariablessuch thateach clausecontainsexactlyonetrue literal.

Finally, we recalltheconceptof treewidth.

Definition 2.5 [ALS91, Bo88] Let @G>AHIB0J
F be a graph. A tr ee-decompositionof @ is a pair >7M*ÇGU�gÍ\ewÎ T¶B!Ï�<Ê> Î B0�ÌF/F , where M*ÇGUµgS\lw Î T is a family of subsetsof H and Ï£<¤> Î B0�
F is an undirectedtreewith
thefollowingproperties:

1. Ð U ®1Ñ ÇGU6<�H .

2. For everyedge Òl<=M*VÈB/ÓxT-w©J , there is a subsetÇ U , \�w Î
, with ViwDÇ U and Ó�wdÇ U .

3. For all \0B�¹¶B ¡ w Î
, if ¹ lieson thepathfrom \ to

¡
in Ï , then ÇGU¶ÔqÇeÕÌ�ºÇ�± .

Thetr eewidth of a tree-decomposition>7M*ÇGU�gP\�w Î T¶B!Ï
F is Öe×SØ(U ®1Ñ M(g ÇGU$g1Ù·ZST . Thetreewidth of a graphis
theminimumover the treewidthsof all its treedecompositions.A classof graphsis tr eewidth bounded if
there is a constant

¡
such that thetreewidth of everygraphin theclassis at most

¡
.

A numberof graphclassesareknown to have boundedtreewidth. They include
¡
-outerplanargraphs,¡

-bandwidthboundedgraphs(both for constant
¡
), seriesparallelgraphs,Halin graphs,chordalgraphsof

boundedclique size, etc. For many optimizationproblemsthat are NP-hard for generalgraphs,optimal
solutionscanbecomputedin polynomialtime whenattentionis restrictedto theclassof treewidth-bounded
graphs.A considerableamountof work hasbeendonein this area(see[ALS91, Bo88] andthe references
therein).
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3 Summary of Resultsand RelatedWork

3.1 PREDECESSOR EXI STENCE Problem

Sutner[Su95] andGreen[Gr87] consideredthe PRE problemandits generalizationsin thecontext of CA.
Their work motivatedourstudythePRE problemfor SDSs.

We show that the PRE problemis NP-completefor eachof the following restrictedclassesof SDSs:
(i) (BOOL, ST)-SDSswhereeachnodecomputesthe same

¡
-simple-thresholdfunction for any

¡ � s
(ii) (BOOL, TALLY)-SDSsin which eachnodecomputesthe same

¡
-tally function for any

¡ � Z , (iii)
(BOOL, M AND, OR T )-SDSsand(iv) (BOOL, SYM)-SDSswhoseunderlyinggraphsareplanar.

Wepresentpolynomialtimealgorithmsfor thePRE problemfor (BOOL, AND)-SDSsand(BOOL, OR)-
SDSswith no restrictionson theunderlyinggraph.Wealsopresentpolynomialtime algorithmsfor thePRE

problemfor (BOOL, SYM)-SDSswhoseunderlyinggraphshave boundedtreewidth. Thesealgorithmscan
beextendedto solve the

�
-PRE,

�
-SUB-PRE,

�
-SUB-RECUR and

�
-TEMP-SEQ-PRE problemsin polynomial

time whenwhen
�

is polynomialin g ;
g . In contrast,we show thatevenif onenonsymmetriclocal transition
function is permitted,the PRE problemis NP-completefor SDSswhosedomain is Booleanand whose
underlyinggraphsaretrees.

In addition,we presenta polynomialtime algorithmfor the PRE problemfor (FIELD, L INEAR)-SDSs.
Further, whentheunderlyinggraphis bothdegreeandbandwidthbounded,we show that thePRE problem
canbesolved efficiently with no restrictionson thenodefunctions(otherthanthat the functionevaluation
canbe doneefficiently). This algorithmcanalsobe extendedto solve

�
-PRE,

�
-SUB-PRE,

�
-SUB-RECUR

and
�
-TEMP-SEQ-PRE problemswheneither(i)

� <�ÚÛ>vÜ�ÝßÞ�K�F andthedomainof statevaluesis of constant
sizeor (ii) when

�
is a constantandthe domainof statevaluesis boundedby a polynomial in g ;
g . Many

of thesepolynomial time algorithmsareobtainedby reducingthe correspondingproblemto a generalized
satisfiabilityproblem[Sc78] thatcanbesolvedin polynomialtime.

Our resultsextendtheearlierwork of Sutner[Su95] andGreen[Gr87] on thecomplexity of thePREDE-
CESSOR EXISTENCE problemfor CA. For instance,our polynomialtime solvability resultsfor theclassof
SDSswhoseunderlyinggraphsarebothdegreeandtreewidth bounded,extendSutner’s resultsinceCA can
beseento have boundedtreewidth (in fact, they areof boundedbandwidth).Second,the resultsalsoshow
thatGreen’sNP-completenessresultsarecloseto beingtight sincethecorrespondingproblemsareefficiently
solvablewhen

� <�Úe>vÜ�ÝßÞµK�F . Finally, ourpolynomialtimeresultscanbeextendedto solveanumberof other
variantswheninstancesarerestrictedto treewidth boundedgraphs.Examplesotherthanthosementioned
above includethe problemof finding a predecessorwith maximum(or minimum) numberof statevalues
being1 (or 0), etc.

3.2 The PERM UTATI ON EXI STENCE Problem

ThePME problemis uniqueto SDSssincestateupdatesin CA arecarriedout in a synchronousfashion.As
mentionedin Section1, themotivationfor thePME problemcomesfrom thefactthatthebehavior of anSDS
undertwo differentpermutationsmaybevery different.

Weshow thatthePME problemis NP-completeevenfor (BOOL, ST)-SDSs.Wealsoshow thattheGEN-
PME problemis NP-completefor eachof thefollowing restrictedclassesof SDSs:(i) (BOOL, NOR)-SDSs
((BOOL, NAND)-SDSs)wherethemaximumnodedegreein theunderlyinggraphis 3and(ii) (BOOL, SYM)-
SDSswhoseunderlyinggraphsareplanar. Wepresentpolynomialtimealgorithmsfor theGEN-PME problem
for (BOOL, OR)-SDSsand(BOOL, AND)-SDSs.We alsopresentpolynomialtime algorithmsfor thePME

problem(withoutdon’t carevalues)for (BOOL, NOR)-SDSsand(BOOL, NAND)-SDSs.Theseresultsshow
aninterestingcontrastbetweenthecomplexity of GEN-PME andPME problemsfor (BOOL, NOR)-SDSsand
(BOOL, NAND)-SDSs.
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3.3 Applications

Ourlowerboundsfor PREDECESSOR EXISTENCEproblemrestrcitedto (BOOL, ST)-SDSdirectlyimply anal-
ogouslower boundsfor Hopfieldnetworkswith sequentialupdate.To our knowledge,suchresultshave not
beenreportedearlier.
Communicating finite State Machines (CFSMs)have beenwidely studiedasmodelsof concurrentpro-
cesses.As a result, a numberof modelshave beenproposedin the literature. Sincethesemodelswere
proposedfor differentapplications,they arenot alwaysequivalent. We refer the readerto [BZ83, GC86,
Mi99, Pe97, Ra97, SH+96]for definitions,results,applicationsandthestateof currentresearchin this area.
The basicsetupconsistsof a collectionof finite statemachines.Thesemachinescommunicatewith each
othervia explicit channels[BZ83, Pe97,GC86]or via actionsymbols[Ra97, SH+96]. Our resultsapplyto
boththesevariants.To seethis,we notethefollowing:

1. Simple-thresholdcanbe easily representedasfinite statemachines(FSMs) that essentiallyemulate
a counter. The FSM correspondingto eachnodeof an SDSconsistsof two parts,namelya control
partanda partsimulatingthethresholdfunction. (For somemodels,we cansometimeseliminatethe
controlpart.)

2. Sequentialupdateof thenodesof anSDScanbesimulatedby using K distinct(onefor eachmachine)
actionsymbolsthatin effect imply thateachFSMis updatedin theorderdeterminedfrom theordering
usedfor thegiven SDS.Whendealingwith explicit channels,this canbedoneby initializing all the
FIFO I/O channelsand using the control part to make surethat eachmachinecorrespondingto a
thresholdfunction makesa transitiononly after all its inputshave beenreceived. At that point, the
transitionsimply consistsof countinghow many inputsare1 andhow many of themare0. After this,
themachinepoststheresultof evaluatingthefunctionon eachof theoutputchannels.

Given theseobservations, the remainingdetailsare fairly straightforward. Our resultsshow that the
NP-hardnessof PREDECESSOR EXISTENCEproblemsfor CFSMsholdsfor extremelysimpleindividual au-
tomata.Specifically, theautomatausea very simplemodelof concurrency andtheunderlyinggraphsareof
boundeddegree.This pointsout thata boundedamountof concurrency is sufficient to yield computational
intractabilityresultsfor problemsfor CFSMs.

3.4 Previous Work

Computationalaspectsof CA have beenstudiedby anumberof researchers;seefor example[Mo90, Mo91,
CPY89,Wo86, Gu89, Gr87, Su95]. Much of this work addressesdecidabilityof propertiesfor infinite CA.
Barrett,Mortveit andReidys[BMR99, BMR00,MR99,Re00, Re00a] andLaubenbacherandPareigis[LP00]
investigatethemathematicalpropertiesof sequentialdynamicalsystems.ThePRE problemwasshown to be
NP-completefor finite CA by Sutner[Su95] andGreen[Gr87]. Sutneralsoshowed that PRE problemfor
finite 1-dimensionalCA with a fixedneighborhoodradiuscanbesolved in polynomialtime. As mentioned
earlier, Green[Gr87] studiedgeneralizedversionsof the PRE problemfor infinite CA. Theproblemswere
soformulatedthathis resultsarealsoapplicableto finite 1-dimensionalCA. References[Su95, Gr87] donot
considerother restrictionson CA that leadto polynomialalgorithmsfor the PRE problem. Our approach
allows us to identify a numberof restrictedclassesof SDSsfor which the PRE problemcan be solved
efficiently.
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4 The PREDECESSOR EXI STENCE Problem

4.1 NP-CompletenessResults

Theorem 4.1 ThePRE problemis NP-completefor thefollowing classesof SDSs:

1. (BOOL, ST)-SDSs,whereeach nodecomputesthesame
¡
-simple-threshold-function, for each

¡ � s .

2. (BOOL, TALLY)-SDSs,whereeach nodecomputesthesame
¡
-tally function,for each

¡ � Z .
3. (BOOL, M AND, OR T )-SDSs.

4. (BOOL, SYM)-SDSswhoseunderlyinggraphsareplanar.

Proof: It is obvious that PRE is in NP. We establishthe NP-hardnessof PRE for eachof the above cases
throughanappropriatereductionfromarestrictedversionof SAT. In eachcase,weassumethatcorresponding
SAT instancehasK variablesand j clauses.

Part 1: We usea reductionfrom 3SAT andconstructan SDS ; as follows. First, the underlyinggraph
@G>AHIB0J
F hasthe following verticesandedges. Hà<áH �´â H �8â H � , where H � <ãM °

� B °
� Q�Q�Q�Q*B ° ÕÍT , H � <M*��U!B �ÈU7B/äßU�g for eachvariable�ÈU�T and H � <=M�u/±rB0åP±xg for eachclauseu/±1T . Theset J hasthefollowing edges.

1. For eachæ6B0ç , Z�[¾æ¼èéç
[ ¡
, theedgeM °Sê B °(ë T . (Thus,the

¡
nodesin H � form aclique.)

2. For each\ , Zx[y\�[ºK , edgesM*��U�B/äßU�T and M �ÈU7B/äßU�T .
3. For each¹ , ZG[é¹¼[]j , edge M�u/±¶B0åP±1T , andanedgefrom u!± to thenodesfor eachof thethreeliterals

occurringin clauseu ± .
4. For eachæ6B/\ , Z�[¾æ¼[ ¡ ÙÁs and Zx[º\�[yK , theedgeM °Sê B/äßU7T .
5. For eachæ and \ , Zx[¾æ¼[ ¡

and Zx[º\�[yK , edgesM °Pê B/�ÈU7T and M °Pê B �ÈU�T .
6. For eachæ and ¹ , Z�[¾æ¼[ ¡ ÙyZ and Z�[Á¹e[ºj , edgesM °Sê B0åS±1T and M °Sê B0u/±1T .
ThepermutationE is givenby

Eì<À> °
� B�Q�Q�QPB ° ÕÍB/ä

� B�Q�Q�Q�B/ä R B0å � B�Q�Q�Q�B0å Ë B0u � B�Q�Q�Q�B0u Ë B/� � B�Q�Q�Q*B/� R B � � B�Q�Q�Q�B � R F$Q
Therequiredfinal configuratioǹ hasvalue Z for each°Pê ,

�
for eachäßU , � for eachåP± , Z for eachu/± , Z

for each��U , and Z for each��U .
Supposethat thereis a configuratioǹba suchthat ; canreach̀ in onetransitionfrom `ba . Settingthe

initial valueof each°Sê to Z will ensurethateach̀f> °Sê FI<�Z . BecausèI>�äßUAFf< �
, atmostoneof ��U and ��U has

initial value Z . BecausèI>våP±SFI< �
, theinitial valueof eachu/± mustbe

�
. BecausèI>vu/±PFI<£Z , theinitial value

for at leastoneof the threeliterals occurringin clauseu/± mustbe Z . Becauseeach��U and ��U is connected
to all the °Pê ’s, eachof which hasa final valueof Z , the requiredfinal valueof Z for �ÈU and ��U imposesno
restrictionon initial values.

Using theabove observations,it canbeverified that the3SAT instancehasa solutionif andonly if the
constructedPRE instancehasasolution.

Part 2: The reductionis againfrom 3SAT. The underlyinggraph @G>AHIB0J
F hasthe following nodesand
edges. H < H �xâ H �Ìâ H � , where H � = M °

� B °
� B�Q�Q�QPB ° ÕÍB%W�T , H � = M�u/±Ág for eachclause u/±1T and H � =

M*��U!B �ÈU7B0í�U�B/äßU �h� B/äßU � � B�Q�Q�Q�B/ä U � Õîg for eachvariable �ÈU7T . (Note that H � has
¡ ��ï

nodesfor eachvariable �ÈU ,Zx[º\µ[ºK .) Theedgeset J consistsof thefollowing.
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1. For eachæ6B0ç suchthat Zx[¾æÂèyç-[ ¡
, theedgeM °Pê B °(ë T . (Thus,thesek nodesform a clique.)

2. For eachp, Zx[¾æÂ[ ¡
, theedgeM °Pê B%W�T .

3. For eachæ6B�¹ , Zx[¾æ¼[ ¡ ÙéZ and Z�[Á¹Å[ºj , theedgeM °Pê B0u!±ßT .
4. For each¹ , Zx[ð¹Å[ºj , theedgeMPWPB0u/±ßT , andanedgefrom u/± to thenodesfor eachof thethreeliterals

occurringin clauseu/± .
5. For each\ , Zx[y\�[ºK , edgesM*��U�B0í*U�T and M ��U�B0í*U�T .
6. For each\ andæ , Zx[º\µ[yK and Zx[¾æ¼[ ¡

, theedgesM*� U B/ä U � ê T and M � U B/ä U � ê T .
7. For each\ , æ , and ç , suchthat Z
[·\´[·K and ZÌ[ñæ|è·çÅ[ ¡

, theedgeM*äßU � ê B/äßU
�
ë T . (Thus,eachsetof¡

nodesM*äßU �h� B�Q�Q�Q�B/ä U � ÕßT formsaclique.)

8. For each\ andæ , Zx[º\µ[yK and Zx[¾æ¼[ ¡ ÙyZ , theedgeM�í U B/ä U � ê T .
ThepermutationE is asfollows.

> °
� B�Q�Q�Q�B ° ÕrB%WPB0u

� B�Q�Q�Q*B0u Ë B/ä �/�h� B/ä �/� � B�Q�Q�QPB/ä �/� ÕrB0í � B/ä ���h� B/ä ��� � B�Q�Q�QPB/ä ��� Õ¶B0í � B�Q�Q�QPBäßR �h� B/äßR � � B�Q�Q�Q�B/ä R � Õ¶B0í�RÈB/� � B�Q�Q�QPB/��RÈB � � B�Q�Q�Q�B �ÈRYF .
Therequiredfinal statè hasvalue1 for each°Sê , 1 for W , 0 for eachu/± , 1 for eachäßU � ê , 1 for eachí*U , 0 for
each��U , and0 for each��U .

Supposethat thereis a configuratioǹ a suchthat ; canreach̀ in onestep.Settingthe initial valueof
each°Sê to 1 will ensurethateach̀I> °Pê F = 1. Next, considernode W . Becausè�>XW�F = 1, andthe

¡
nodesthat

precedeW in E areall connectedto W andhave final valuesof 1, theinitial valueof W andall theclausenodes
is forcedto be0. Next, considereachnode u/± . Of thenodesthatprecedeu/± in E , exactly

¡
areconnectedtou Õ andhave final value1. Sincethe initial andthefinal valuesof u ± areboth0, the initial valueof at least

oneof thethreeliteralsoccurringin clauseu/± mustbe1. Next, considereachnode ä U � Õ , with final value1.
Becauseall the

¡ Ù�Z nodesä U �h� B�Q�Q�Q�B/ä U � ÕPò � thatprecedeä U � Õ in E , have final value1, andareconnectedtoä U � Õ , atmostoneof �ÈU and �ÈU canhave aninitial valueof 1. Thepurposeof í�U is to ensurethat ��U and �ÈU will
have final value0.

Part 3: Thereductionis from MONOTONE 3SAT. Theconstructedgraph @G>AHIB0J
F has H = M*� � , � � , Q�Q�Q , ��R ,u � , u � , Q�Q�Q , u�Ë , ° , W , å5T . Theedgesin J areasfollows.

1. For each\ , Zx[y\�[ºK , theedgeM ° B/�ÈU7T .
2. For each\0B�¹ , ZÌ[é\z[yK , Z�[q¹Å[·j , theedgeM*�ÈU�B0u/±ßT whenever theliteral �ÈU or ��U appearsin clause

u ± .
3. For each¹ , Z�[Á¹Û[yj , theedgeMPWPB0u/±ßT if u!± hasall positive literals.

4. For each¹ , Z�[Á¹Û[yj , theedgeM�å�B0u!±¶T if u/± hasall negative literals.

Thenodefunctionsareasfollows. For ° , W , eachnode � U andeachclauseu ± with only positive literals,the
function is OR; for å andeachclauseu/± with only negative literals, the function is AND. ThepermutationE is > ° B%W�B0å�B0u

� B0u � B�Q�Q�Q*B0u�ËÌB/� � B/� � B�Q�Q�Q�B/�ÈRYF . The requiredfinal configuratioǹ has `f> ° FÅ<óZ , `f>XW�Fd< �
,

`I>vå(F�<ÀZ , `f>vu/±PFµ<ÀZ if u/± hasall positive literals, `�>vu/±PF�< �
if u!± hasall negative literalsand `f>��ÈUXFµ<ÀZ , forZx[º\µ[ºK .

We cannow arguethat thePRE instancehasa solutionif andonly if theinstanceof MONOTONE 3SAT
hasa solution. The reasonis asfollows. The initial value `I>XW F�< �

forcesthe initial valueof eachclause
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containingonly positive literals to be 0. The initial value `I>vå(F
<îZ forcesthe initial valueof eachclause
containingonly negative literalsto be1. Sinceeachpositive literal clausehasinitial value0 andfinal value
1, at leastoneof thevariablesin theclausemusthave initial value1. Similarly, sinceeachnegative literal
clausehasinitial value1 andfinal value0, at leastoneof thevariablesin theclausemusthave initial value
0. Node ° enableseachof thevariablenodesto have thefinal value1.

Part 4: Thereductionis from PL-PE3SAT. We createthefollowing SDS ; . For eachvariable ��U´w|Ç , ;
hasonenode(denotedby � U ), Z-[·\�[¸K . For eachclauseu ± w|É , ; hastwo nodes(denotedby u ± and u a± ),ZÛ[�¹Â[�j . Thereis anedgebetweenu/± and u a± for each¹ , ZÅ[¸¹Â[�j . Further, if theclauseu/± contains
positive literals � ±%¥ , � ±!¦ and � ±�ô , thenthereareedgesbetweenu ± and � ±�§ for »Ì<ÀZ1B%s(B ï . This completesthe
specificationfor theundirectedgraphof ; . Notethatunderlyinggraphof theresultingSDSis planarsinceit
is obtainedfrom the(planar)bipartitegraphcorrespondingto thePL-PE3SAT instanceby simply attaching
anode u a± of degree1 to eachclausenodeu!± ( Z�[Á¹Û[yj ).

ThesymmetricBooleanfunctionsassociatedwith nodesareasfollows. Foreachnode��U ( Zx[y\µ[ºK ) and
u a± ( ZG[y¹ì[�j ), theassociatedBooleanfunctionis thelogical OR function. For thenode u/± ( ZG[y¹©[�j ),
theassociatedBooleanfunctiontakeson thevalue1 if exactlyoneof theinputsis 1; otherwise,thefunction
valueis 0.

ThepermutationE for ; is >vu$a � B0u�a� B�Q�Q�QPB0u$aË B0u � B0u � B�Q�Q�QPB0u�Ë�B/� � B/� � B�Q�Q�Q�B/�ÈRYF . Therequiredfinal configura-
tion ` hasvalue0 for eachnodeu a± ( Zx[ñ¹e[ºj ) and1 for all othernodes.

We now show that thereis a configuratioǹ�a suchthat ; canreachtheconfiguratioǹ in onetransition
from ` a if andonly if thePL-PE3SAT instanceis satisfiable.

Supposethereis a satisfyingtruth assignmentto thePL-PE3SAT instance.We constructthe following
configuratioǹ a : For eachof thenodesu/± and u a± ( Z-[º¹d[·j ), theinitial stateis setto 0. For eachnode ��U
( Ze[�\l[�K ), theinitial stateis setto thetruth valuegivenby thesatisfyingassignmentto thePL-PE3SAT
instance.Using thepermutationE , it is straightforward to verify that startingfrom ` a , ; reaches̀ in one
step.

Now, supposethereis aconfiguratioǹ a suchthat ; canreachtheconfiguratioǹ in onestep.Weclaim
that `ba mustsetthestateof eachnode u!± and u�a± ( Ze[é¹Â[]j ) to 0. To seethis, supposèba initializessome
nodeu!± (or u a± ) to 1. Sinceu a± appearsbeforeu/± in thepermutation,when u a± executes,its valuewouldbecome
1. This is acontradictionsincè specifiesthevalueof u�a± to be0. Theclaim follows.

In view of theclaim,whena node u/± executes,its initial valueis 0. Therefore,exactly oneof thenodes
correspondingto the variablesin clauseu/± mustbe set to 1 by `ba so that the final valueof u!± becomes1.
In otherwords,the valuesassignedby ` a to the statesof the nodes� � , � � , Q�Q�Q , ��R mustform a satisfying
assignmentto thePL-PE3SAT. Thiscompletestheproof of Part4 andalsothatof thetheorem.

4.2 Polynomial Time Results

Wenow presentpolynomialalgorithmsfor thePRE problemfor restrictedclassesof SDSs.As will beseen,
whenever the answerto a problemis “yes”, our algorithmscanalsogeneratea feasiblesolutionwith the
desiredproperty.

4.2.1 Resultsfor (FI EL D, L I NEAR)-SDSs

Theorem 4.2 Let ; bea (FIELD, L INEAR)-SDSswith K nodessuch that for each \ , Ze[]\8[�K , thescalar
constant° UõU usedin the expressionfor the local transitionfunction OSU (Equation(1)) is nonzero. For such
a (FIELD, L INEAR)-SDSsthe answerto the PRE problemis always“yes”. Moreover, for a given final
configuration ` , there is a uniquepredecessorconfiguration `ba , which canbefoundin timelinear in thesize
of theunderlyinggraph.
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Proof: Let ` = >XW � B%W � B�Q�Q�QPB%W$RYF denotetherequiredfinal configuration.To solve thePRE problemfor ; , we
associatea variable �ÈU with eachnode VSU of ; andconstructa systemof linearequationsover thealgebraic
field correspondingto ; . This constructionis donein sucha way thatany solutionto thesystemof linear
equationsprovidesa solutionto thePRE problemfor ; . Whenthecondition ° U�U�ö< �

is satisfiedfor each\ ,
we show thattheresultingsystemof equationshasauniquesolution.

To constructthesystemof linearequations,considerthenode V1U . Let pq>�\�F denotethesetof neighbors
of V U . In pq>�\�F , let V U�¥ , V U�¦ , Q�Q�Q , V U�§ denotethenodesthatprecedeV U in thepermutationandlet V ±0¥ , V ±!¦ , Q�Q�Q ,V*±A÷ denotethenodesthat follow V1U in thepermutation.UsingEquation(1), thelinearequationfor VSU , where
thearithmeticoperationsarecarriedoutover thefield correspondingto ; , is thefollowing:

ª U � ° UõU � U
� ø«

ë/ù
� ° UõUõú W Uõú

� ê«
ë!ù

� ° U²±�ú � ±7ú <ûW U Q (2)

Thereis onesuchequationfor eachnode VSU . It canbe verified that any solution to the above systemof
equationsover thefield correspondingto ; is asolutionto thePRE problem.

Theabove constructionproducesK equationsin K unknowns. Supposethatwe envision thenodesbeing
enumeratedin reverseorderof E . Thenthe K equationsarein triangularform, andsuchasystemof equations
hasauniquesolution.

Whennode V1U is beingconsidered,for all nodesV�± with ¹ñèÀ\ (i.e., EI>�V*±PFeüÀEI>�V1UAF ), theuniquevalue
` a >�V*±PF hasalreadybeendetermined.Therefore,in theequationfor determiningthenew valueof V1U , theonly
unknown is `�aX>�V1U�F . This is becausetheothervaluesin theequationarefrom ` for neighboringnodesbeforeV1U in E , thealreadycomputedvaluesfrom ` a for neighboringnodesafter V1U in E , and `f>�V1U�F itself. Sincethe
entry ° U�U is not zero,thisequationhasauniquesolution.

For (FIELD, L INEAR)-SDSsthatdonotsatisfytheconditionmentionedin Theorem4.2andfor (FIELD, L IN-
EAR)-SyDSsthelinearequationapproachcanbeusedto obtainanefficient algorithmto determinewhether
thePRE problemhasasolution.This is shown in thenext theorem.

Theorem 4.3 ThePREDECESSOR EXISTENCE problemfor (FIELD, L INEAR)-SDSsand(FIELD, L INEAR)-
SyDSscanbesolvedin polynomialtime.

Proof: First considera (FIELD, L INEAR)-SDS.Usingthestepsmentionedin theproof of Theorem4.2,we
constructa systemof equations.Whenoneor moreof the ° UõU entriesarezero,theresultingsystemmaynot
have asolutionor mayhave multiplesolutions.Sincethefeasibilityof any systemof linearequationsover a
field canbedeterminedin polynomialtime [Von93], it follows thatthePRE problemfor linearSDSscanbe
solvedin polynomialtime.

For (FIELD, L INEAR)-SyDS,sincethenodesupdatetheir statessynchronously, theform of linearequa-
tionsis slightly differentfrom theonegivenin Equation2. Using p a >�\!F to denotethesetconsistingof nodeV1U andits neighbors,theequationfor nodeV1U in thecaseof a (FIELD, L INEAR)-SyDSis asfollows.

ª�U � «
¬ ú ®1¯�ý � U���° U ë � ë <ûW$U7Q (3)

Again, thefeasibilityof thesetof linearequationscanbedeterminedin polynomialtime.

As mentionedearlier, whenthestatevaluesareBoolean,XOR andXNOR arethe linear functionsover
thefield þ � underadditionmodulo2. Thus,by Theorem4.2,for any (BOOL, M XOR, XNOR T )-SDS,thePRE

problemhasauniquesolutionwhichcanbefoundefficiently.
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4.2.2 (BOOL , SYM )-SDSswith BoundedTreewidth

Theorem 4.4 Let ; be a (BOOL, SYM)-SDSwhoseunderlyinggraph hasboundedtreewidth. The PRE

problemfor ; canbesolvedin polynomialtime.

Proof: Let
¡

bethetreewidth of theunderlyinggraph @G>AHIB0J
F . It is well known thata treedecomposition
>7M*Ç U g*\zw Î T¶B!Ï�<�> Î B0�ÌF/F of @ canbeconstructedin time thatis a polynomialin thesizeof @ . Moreover,
this canbedonesothat Ï is a binarytree;thatis, eachnodeof Ï hasatmosttwo children[Bo88].

For agivennode\ of thetreedecomposition,wereferto theSDSnodesin ÇGU asexplicit nodesof \ . If a
givenexplicit nodeof \ is alsoanexplicit nodeof theparentof \ , we referto this nodeasan inherited node
of \ ; andif it doesnot occurin theparentof \ , we referto it asanoriginating nodeof \ . We referto theset
of all explicit nodesoccurringin thesubtreeof Ï rootedat \ thatarenotexplicit nodesof \ ashidden nodes
of \ . (Thus,thehiddennodesof \ aretheunionof theoriginatingandhiddennodesof thechildrenof \ .)

Given theunderlyinggraph @G>AHIB0J
F of ; , thepermutationE of ; andtwo disjoint subsetsÿ and � ofH , wedefinetheset pq>vÿ�B��
F asfollows.

pq>vÿµB��lF is thesetof nodesÓé@ suchthatfor eachnodeädw©ÿ , M*Ó�B/äÈT
w©J , ä precedesÓ in E ,
andthereis no nodeíÅw�� suchthat M*Ó�B0íYTGw©J and í precedesÓ in E .

Intuitively, pq>vÿ�B��
F is thesetof nodesÓ of @ , not in ÿ , suchthatin a transitionof ; , theold valueof Ó is
aninput parameterto thecomputationof thenew valueof every nodein ÿ , but is not aninput parameterto
thecomputationof thenew valueof any of thenodesin � .

Let ` be the configurationspecifiedin thegiven instanceof the PRE problemfor ; . Considera given
node \ of thetreedecomposition.Supposeª is a givenassignmentof statevaluesto theexplicit nodesof \
and � is a givenassignmentof statevaluesto thehiddennodesof \ . We saythat thecombinedassignmentª â � is viable for \ if for every hiddennode Ó of \ , theevaluationof thelocal transitionfunction O�� gives
thevalue `I>�Ó
F , usingthevalue �µ>�Ó
F for Ó , thevalue ª â �µ>�� F for every neighbor� of Ó that follows Ó
in E , andthevalue `f>�� F for every neighbor� of Ó thatprecedesÓ in E . (Note that thedefinitionof a tree
decompositionensuresthatevery neighborof hiddennodeÓ is eitheranexplicit node

We say that the combinedassignmentª â � is strongly viable for \ if the above conditionholds for
everynodeÓ thatis eitherahiddennodeor anoriginatingnodeof \ . (Thedefinitionof a treedecomposition
ensuresthatevery neighborof anoriginatingnodeof \ is eitheranexplicit nodeor ahiddennodeof \ .)

For agivennode \ of thetreedecomposition,anda givenassignment� to thestatesof thehiddennodes
of \ , definea function �
	�{�s�� m ÙÈ} � from thenonemptysubsetsof ÇGU to theset � of naturalnumbersas
follows. For asubsetÿ of ÇGU ,

�
	b>vÿGF is thenumberof hiddennodesÓ of \ suchthat Ó�w©p >vÿµB/ÇGU ÙðÿGF and �µ>�Ó�F�<�Z .
For agivennode\ of thetreedecomposition,andagivenassignmentª to thestatesof theexplicit nodes

of \ , definetheset 
�� to bethesetof functions � from s � m Ù�} � suchthatthereexistsanassignment� to
thestatesof thehiddennodesof \ suchthat ª â � is viablefor \ and � is ��	 .

Sincefor any given � and ÿ , themaximumpossiblevalueof �
	�>vÿeF is thenumberof hiddennodesof \ ,
and g Ç U g([ ¡

(where
¡

is thetreewidth), anupperboundon g u�� °
� g is K � ¿ .

Note: Thefunction ��	 couldhave beendefinedasa functionwhosedomainis thenonemptysubsetsof ÇGU .
However, includingtheemptyset � in thedomainof �
	 makesthefinal decisionat theroot nodeof thetree
decompositioneasierto describe.

We solve thePRE problemfor ; by usingbottom-updynamicprogrammingon thedecompositiontree.
For eachnode \ of Ï , we computea tablewith an entry for eachassignmentª to thestatesof theexplicit
nodesof \ . Thevalueof theentryfor eachsuchassignmentª is theset 
�� . Wereferto this tableas �¶U . Since
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thetreewidth
¡

is aconstant,thesizeof thetablefor eachnodeof thedecompositiontreeis a polynomialinK , thenumberof nodesof theunderlyinggraph @G>AHIB0J
F .
For a leaf node \ of thedecompositiontree,every entry 
 � in the tableconsistsof thesinglefunction� thatmapsevery subsetÇGU into zero. Thus,the tablefor eachleaf nodeof thedecompositiontreecanbe

computedin polynomialtime.
For anonleafnode\ of thetreedecomposition,thetablefor \ canbecomputedin polynomialtimefrom

thetablesof its children.To facilitatethiscomputation,we utilize thefollowing conceptsandnotation.
For a givennode \ of thetreedecomposition,let �ÇGU denotethesetof inheritednodesof \ . (Thus, �ÇGUt�

Ç U .)
For a given node \ of the treedecomposition,anda given assignment�� to thestatesof theoriginating

nodesandthehiddennodesof \ , definea function � ���	 {zs �� m Ù�} � from thenonemptysubsetsof �ÇGU to the

set � of naturalnumbers,asfollows. For asubsetÿ of �Ç U ,
� ���	 >vÿGF is the numberof nodes Ó suchthat Ó is an originating or a hiddennodeof \ , Ó w
pq>vÿµB/ÇGU�Ù|ÿ-F and ���>�Ó
F�<�Z .

For agivennode\ of thetreedecomposition,andagivenassignment� to thestatesof theinheritednodes
of \ , define �
�� to bethesetof functions�-s �� m ÙÈ} � suchthatthereexistsanassignment�� to thestatesof
theoriginatingandhiddennodesof \ suchthat � â �� is stronglyviablefor \ and � is � � �	 .

For eachnode\ of thetreedecomposition,wedefine ��¶U asa tablewith anentryfor eachassignment� to
thestatesof theinheritednodesof \ . Thevalueof theentryfor eachsuchassignmentis theset �
�� .

For eachnode \ of thetreedecomposition,giventable �¶U , thetable ��¶U canbeconstructedin polynomial
time. For eachassignmentª to ÇGU andfunction � in 
�� , considertheassignmentª to be theunionof an
assignment� to the statesof the inheritednodesof \ , andan assignment� to the statesof the originating
nodesof \ . In polynomialtime, we candeterminewhetherthecombinationof � , � and � correspondsto a
combinedassignmentthat is stronglyviablefor \ . If so,we combine� and � to obtaina function � � thatwe
unioninto the ��¶U entryfor � . By consideringeachsuchpair >Xª�B��ÈF in �¶U , we canconstruct ��¶U in polynomial
time.

Considera non leaf node \ of the treedecomposition.Supposethat \ hasonly onechild, saythe tree
decompositionnode \ a . Given the table �� U ý for \ a , the table � U canbe constructedin polynomial time, as
follows. Consideranassignmentª to thestatesof theexplicit nodesof \ . Let � denotetheprojectionof the
assignmentª on to �Ç U , the inheritednodesof \ a . Thentheentry for ª in the table � U for \ is theset �
�� in

theentryfor � in thetablefor �� U ý for \Aa , with themodificationthatevery function ��{zs �� m ý Ù�} � in theset�
�� is extendedto bea function �={�s �� m Ù�} � by setting��>vÿeFf< �
for every subsetÿ of ÇGU thatcontains

at leastonememberof ÇGU Ù¾Ç U ý .
Now supposethatnonleaf node \ of thetreedecompositionhastwo children,saynodes\Aa and \! of the

treedecomposition.Thetables �� U ý and �� U#" for treenodes\ a and \! arecombinedto producetable �¶U for \ as
follows. Consideranassignmentª to thestatesof theexplicit nodesof \ . Let �µa and �$ denotetheprojection
of assignmentª ontotheinheritednodesof \ a and \% respectively. Let every function � a in �
�� ý for node\ a be

extendedto a function � a {´s �� m ÙÈ} � , andevery function � a a in �
�� " for node\! beextendedto a function�& �{xs �� m ÙÈ} � ; bothextensionsaredoneasdescribedabove. Definethefunction � a � �& �{xs �� m Ù�} �
asfollows: >'� a � �& rF >vÿÛF�<(� a >vÿeF � �& 4>vÿÛF . Thus,theentryfor ª in table �¶U for \ is thesetof all functions>'�ra � �& rF thatcanbeconstructedin theabovemannerfrom some�5a in �
 � ý from �� U ý and �
 in �
�� " from �� U)" .

Let » be the root nodeof the treedecomposition.The root nodehasno inheritednodes,so �Ç ø <*� .
Consequently, table �� ø for the root node » consistsof thesingleentry: >+�(B �
�,PF . Set �
�, is nonemptyif and
only if thereexistsanassignmentto thestatesof all thenodesof SDS ; that is stronglyviablefor » , that is,
if andonly if configuratioǹ hasapredecessor.
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Appendix

4.3 PredecessorExistenceproblems

4.3.1 Easinessresultsfor generalgraphs

An approachsimilar to that usedin the proof of Theorems4.2 and4.3 canbe usedto obtainpolynomial
algorithmsfor thePRE problemfor otherrestrictedclassesof SDSscharacterizedby specific(Boolean)local
transitionfunctions.Theideais to efficiently reducethe PRE problemfor suchSDSsto a polynomialtime
solvableversionof theSatisfiability(SAT) problemfor Booleanformulas.Wenow outlinethis reduction.

Let . denotethe given linear SDSandlet / = 0+13254�17684�9�9�954�1�:�; denotethe requiredfinal configuration,
with 1�<>=@?3AB45C�D . To solve the PRE problemfor . , we associatea Booleanvariable EF< with eachnodeG < of . andconstructa set HJIJ?�K 2 4LK 6 4�9�9�954LK : D of terms,with term K < correspondingto node G < of . .
To constructterm KM< , considerthe node G < with local transitionfunction N�< . Let OP0�QR; denotethe set of
neighborsof G < . In OS0�QR; , let G <�T , G <VU , 9�9�9 , G <XW denotethe nodesthat precedeG < in the permutationandletG5Y T , G5Y U , 9�9�9 , G5Y[Z denotethe nodesthat follow G < in the permutation.We first constructthe formula \]<^IN�<_0�EF<R4�1�< T 4�1�< U 4�9�9�954�1�< W 4_E Y T 4_E Y U 4�9�9�954_E Y[Z ; . If 1�<`IaC , theterm KM< is \�< itself; if 1�<bIcA , theterm KM< is \�< . The
resultinginstanceof SAT is theconjunctionof thetermsin H . It canbeverifiedthatthePRE problemfor .
hasasolutionif andonly if theresultingSAT instancehasasolution.

Webegin with somepreliminarydefinitions.Following Schaefer[Sc78] we saythata logical relation d
is weakly positive if d�0�E�254_Ee6�4�9�9�9#; is logically equivalentto someCNF formulahaving atmostonenegated
variablein eachconjunct.A logical relation d is weakly negative7 if d�0�Ef254_Eg6�4�9�9�9#; is logically equivalent
to someCNF formula having at most one unnegatedvariablein eachconjunct. A logical relation d is
affine if d�0�E�254_Ee6�4�9�9�9#; is logically equivalentto somesystemof linearequationsover thetwo-elementfieldh 6^Ii?3AB45C�D .
Theorem 4.5 [Sc78] Let S be a finite setof finite arity Booleanrelationssuch that oneof the following
conditionholds: (i) Everyrelation in S is weaklypositive(ii) Everyrelation in S is weaklynegative (iii)
Everyrelationin S is affine. ThenSAT(S) canbesolvedin polynomialtime. Theresultholdsevenwhenwe
are allowedto haveconstantsasa part of theformula.

Theorem 4.6 Whenj is polynomialin k .lk , the j -PRE, j -SUB-PRE, the j -SUB-RECUR andthe j -TEMP-SEQ-
PRE problemscan be solvedefficiently for any of the following classesof SDSsor SyDSs:(BOOL, OR)-
SDSs,(BOOL, NOR)-SDSs,(BOOL, AND)-SDSs,(BOOL, NAND)-SDSs,(BOOL, XOR)-SDSsand(BOOL, XNOR)-
SDSs.

Proof sketch: Considerany oneof theproblemsfor (BOOL, OR)-SDSs.We show that the transitionof a
singlenode G in onetime unit canberepresentedby a weakly-negative formula mon&0�j74_jbpiC3; . Thenall the
aboveproblemscanbesimplyencodedas \iIrq n�s t mun&0�j�4_jBpvC3; . Someof thevariablesin theformulamight
be predetermineddependingon the particularproblem. Using that fact that \ is weakly-negative formula
combinedwith theresultin Theorem4.6yieldstheclaimedresult.Theresultsfor (BOOL, AND)-SDSsyield
weakly-positive formula while the problemsfor (BOOL, XOR)-SDSsyieldaffine formulas. thusresultsin
Theorem4.6 canbeapplieddirectly to completetheproof of the theorem.thusin therestof theproof, we
show how to representaonesteptransitionfor (BOOL, OR)-SDSsasaweakly-negative formula.

Considera given node wx<Xy andits associatedvariable EF<Xy . Supposethe local transitionfunction N�< as-
sociatedwith wx<Xy is OR. Let theneighborsof wx<Xy be wx<�T�4�9�9�9�wx<Vz with theassociatedvariablesEF<�T74�9�9�9�EF<Vz .
We will use E t<|{ A~}���}�� asa variableto denotethestateof node G <�{ at time j . Without lossof generality
assumethat thenodesw <�T 4�9�9�9�w <XW areupdatedbefore w <Xy and w < W!� T 4�9�9�9�w < z beupdatedafter w <Xy . Thenthe

7Suchclausesarealsoreferredto asHORN clauses.
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predecessorexistencequestioncanbe equivalently expressedasa conjunctionof Horn (weakly negative)
clausesasfollows:

E t��]2< y�� � E t< y`� E t<XW!� Tf�������8� EF<Vz � E t��]2< T ��������� E t��]2< W��
which is equivalentto� E t��]2<Xy�� � E t<Xy�� E t< W!� T]�������8� E t<Vz$� E t��]2<�T �������8� E t��]2<#W ����� �g� E t<#y`� E t< W!� T���������� E t<Vz�� E t��]2<'T ��������� E t��]2<#W � � E t��]2<Xy �
Thefirst implicationis rewrittenas� 2 � E t��]2<Xy � E t<#y � E t< W%� T �������8� E t<Xz � E t��]2<'T �������8� E t��]2< W 9
Thesecondimplicationis easilysimplifiedusingDeMorgan’s law as

� 6 � � E t<Xy � E t��]2< y�� � � E t< W!� T � E t��]2< y�� � ����� � � E t<Xz � E t��]2< y�� � � E t��]2< T � E t��]2< y�� � ����� � � E t��]2< W � E t��]2< yr�
Both

� 2 and
� 2 areHorn (weaklynegative) formulasNotethatsomeof the E&� <�{ ’s areconstantssincetheir

valueshave beenpre-determined.
(Theproof for NOR is similar.) If thebit 1�< correspondingto G < in thefinal configuration/ is 1, thenthe

termcorrespondingto G < is theORof acollectionof variables;theresultingtermcontainsnonegatedliterals.
If thebit 1�< correspondingto G < in thefinal configuration/ is 0, thenthetermfor G < is theNORof acollection
of variables.By DeMorgan’s law, the NOR of a collectionof variablesis equivalentto the conjunctionof
their negations;in this case,eachconjunctcontainsexactly onenegatedliteral. Thus,by definition, each
resultingtermcorrespondsto a weaklypositive Booleanrelation. Thereductionfor SyDSscanbedonein
ananalogousmanner.

4.3.2 Treewidth Boundedand DegreeBoundedGraphs

In this section,we give polynomialalgorithmsfor thepredecessorexistenceproblemswhentheunderlying
graphof theSDSis of boundedtreewidth. To discussthis result,we needa definitionanda resultfrom the
literature.

Givenanundirectedgraph ��0[�`4���; , thesquare of � , denotedby � 6 0[��4�� 6 ; , is anundirectedgraphin
which thereis anedgebetweennodes� and G if andonly if thereis a pathconsistingof at mosttwo edges
betweenthesamepair of nodesin � . The following resultfrom the literature(seefor example[KMR01])
aboutthetreewidth squaregraphsis usedin obtainingsomeof thepolynomialtimealgorithmsin thispaper.

Proposition 4.1 Let � bea graphwith maximumnodedegree � andtreewidth � . Thetreewidth of � 6 is at
most ��0+�^p(C3;���C .
Corollary 4.1 Let � be a graph whosemaximumnode degree and treewidth are both constants. The
treewidth of � 6 is alsoa constant.

Definition 4.1 [HM+94] Let  ¡Ir?5Ef254_Eg684�9�9�934_EF:FD beasetofBooleanvariablesandlet H = ?�K]254LK�684�9�9�954LKbË^D
be a collectionof terms,where each term is a Booleanfunctionof a subsetof thevariablesin   . The in-
teraction graph for H hasonenodefor each variable in   ; there is an edge betweentwo nodesif the two
correspondingvariablesappeartogetherin sometermof H .
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Theorem 4.7 [HM+94] Let  ¢Ii?5E�254_Ee684�9�9�9£4_EF:
D beasetofBooleanvariablesandlet H = ?�K¤254LKM684�9�9�934LK�Ë^D
bea collectionof terms,where each termis a Booleanfunctionof a subsetof thevariablesin   . If the in-
teractiongraphof H hasboundedtreewidth, thentheSAT problemfor H canbesolvedin polynomialtime.

Theorem 4.8 Let . be an SDSwhere each local transitionfunctionis Booleanand the underlyinggraph
hasboundedtreewidth andboundeddegree. ThePRE problemfor . canbesolvedin polynomialtime.

Proof: GivenSDS . andtherequiredfinal configuration/ , weconstructthesetof termsasdescribedearlier.
The key observation aboutthis constructionis the following. The interactiongraphof the resultingsetof
termsis asubgraphof theunderlyinggraphof theSDS.Sincethelatterhasboundedtreewidth by assumption,
theformerhasboundedtreewidth aswell. By Theorem4.7, theSAT problemfor theresultingsetof terms
canbesolvedin polynomialtime. Thus,thePRE problemfor SDS . canalsobesolvedin polynomialtime.

Wenow briefly mentionanumberof extensionsof theabove result.

1. Wefirst notethattheresultof Theorem4.8alsoextendsto SyDSs(finite CA). This follows by astraight-
forward modificationof the constructionof thesetof linear equationsor the setof termsdescribedabove.
The resultfor finite CA waspreviously obtainedby Sutner[Su95] who alsoshowed that the PRE problem
for finite 1-dimensionalCA with afixedneighborhoodradius¥ canbesolvedin polynomialtime. Thelatter
resultalsofollows from theextensionof Theorem4.8 to SyDSssince1-dimensionalCA with neighborhood
radius¥ give riseto graphsof treewidth atmost ¦�¥op(C .
2. A secondextensionconcernsthecountingproblemassociatedwith the PRE problem.Here,thegoal is
to determinethe numberof predecessorsof a given configuration.Whenthe interactiongraphof a setof
Booleantermsis treewidth bounded,it is known thatthenumberof satisfyingassignmentsfor thetermscan
alsobe found in polynomialtime [SH96]. It follows that for SDSswhoseunderlyinggraphsaretreewidth
bounded,the numberof predecessorsof a given configurationcanbe determinedin polynomial time. A
simpleconsequenceis thatfor suchSDSs,theproblemof determiningwhethera configuration hasa unique
predecessorcanalsobesolvedin polynomialtime.

3. The j -PRE problemfor SDSswhoseunderlyinggraphsaretreewidth boundedcanbesolvedin polynomial
time when j�Ir§�0©¨Xª¬«®­]; , where ­ is thenumberof nodes.This resultholdswith no restrictionson thelocal
transitionfunctionsexceptthatthey canbecomputedefficiently. To seethis,notethatwhenwereducethe j -
PRE problemfor atreewidth boundedSDSto SAT, thetreewidth of theresultinginteractiongraphis §�0�j � wl; ,
where w is the treewidth of theunderlyinggraphof theSDS.Thealgorithmfor SAT whenthe interaction
graphhastreewidth ¯ runsin time ­�k °±k ²¤³)´_µ [HM+94], where­ is thenumberof variablesand k °±k is thesize
of thedomainof statevalues.Since ¯¶Ia§�0�j � wl; and w is fixed,we obtainpolynomialalgorithmsfor thej -PRE problemfor treewidth boundedgraphsunderthefollowing two scenarios:(i) when j®Ii§�0©¨Xª¬«`­]; andk °±k is aconstantor (ii) when j is aconstantand k °±k is boundedby apolynomialin k .lk .
4. Finally note that combiningthe ideasusedto prove Theorem4.6 and the above ideasfor treewidth
boundedgraphs,we canobtainpolynomialtime algorithmsfor the j -SUB-PRE, j -SUB-RECUR and j -TEMP-
SEQ-PRE problemswheneither(i) j�Ic§�0©¨Xª¬«�­]; and k °±k is a constantor (ii) when j is a constantand k °±k is
boundedby a polynomialin k .lk .
5 The PERM UTATI ON EXI STENCE Problem

5.1 NP-CompletenessResults

Theorem 5.1 ThePME problemis NP-completefor (BOOL, ST)-SDSs.
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Recallthat in thegeneralizedversionof thePME (GEN-PME) problem,thefinal configurationmaycon-
tain don’t carevalues.Our next theoremshows that theGEN-PME problemis NP-completeevenfor simple
SDSs.

Theorem 5.2 TheGENERALIZED PERMUTATION EXISTENCE problemis NP-completefor each of thefol-
lowingclassesof SDSs.

1. (BOOL, NOR)-SDSs((BOOL, NAND)-SDSs)whoseunderlyinggraphshavea maximumnodedegree
of 3.

2. (BOOL, SYM)-SDSswhoseunderlyinggraphsareplanar.

Proof: The GEN-PME problemis obviously in NP. We establishNP-hardnessthroughreductionsfrom
restrictedversionsof SAT.

Part 1: The reductionis from 3SAT-2OCCUR. The underlyinggraphof the SDShasonenodefor each
literal andonenodefor eachclause. Thereis an edgebetweeneachclauseand the threeliterals in that
clause.Thereis alsoanedgebetweenthetwo literalscorrespondingto a variable.Sinceeachliteral occurs
in at mosttwo clausesandeachclausehasonly threeliterals,thedegreeof eachnodein theresultinggraph
is at most3.

For eachclausenode,theinitial andfinal statevaluesare0. For eachliteral node,theinitial statevalue
is 0 andthefinal statevalueis don’t care.

We now argue that the GEN-PME problemhasa solution if and only if the given instanceof 3SAT-
2OCCUR hasa solution. Supposethereis a satisfyingassignment.We choosethefinal value1 for all true
literals and the final value0 for all falseliterals. The permutationis obtainedby first having all the true
literals(in anarbitraryorder)followedby theothernodes(alsoin anarbitraryorder). It canbeverifiedthat
thenodesreachthespecifiedfinal values.For theconverse,supposethereis a permutationthatmakeseach
clausenodehavethefinal value0. Sincethereis anedgebetweenthetwo literalscorrespondingto avariable,
andeachnodefunctionis NOR,at mostoneof thetwo literalscanhave afinal valueof 1. Sinceeachclause
nodegoesfrom 0 to 0, at thetime theclausenodeis evaluated,at leastoneof theliterals in theclausemust
have thevalue1. In otherwords,eachclausecanbesatisfied.

Part 2: Theproof is alongthesamelinesasthatof Part1 usingadualargument.

Part 3: Weuseareductionfrom thePL-PE3SAT problem.Givenaninstanceof PL-PE3SAT with variable
set   andclauseset É , we createthefollowing partialSDS . . For eachvariable E < =�  , . hastwo nodes
(denotedby Ee< and EF·< ), C�}rQ¸}r­ . For eachclause¹ Y =ñÉ , . hasonenode(denotedby ¹ Y ), C¶}º��}�» .
Thereis anedgebetweenEF< and EF·< for eachQ , C¼}½Q¾}º­ . Further, If theclause¹ Y containspositive literalsE Y T , E Y U and E YR¿ , thenthereis anedgebetweenE Y W and ¹ Y for ¥¶I@C84�¦À4�Á . This completesthespecification
for theundirectedgraphof . . Notethatunderlyinggraphof theresultingSDSis planarsinceit is obtained
from the(planar)bipartitegraphcorrespondingto the PL-PE3SAT instanceby simply attachinga node E ·<
of degree1 to eachvariablenodeEe< ( CÂ}ÃQ®}�­ ).

TheBooleanfunctionsassociatedwith eachnodeareasfollows. For eachnode EF< and EF·< ( C�}�Qo}(­ ),
theassociatedBooleanfunctionis theNOR function. For thenode ¹ Y ( C�}Ã�Ä}º» ), theassociatedBoolean
functiontakeson thevalue1 if exactlyoneof theinputsis 1; otherwise,thefunctionvalueis 0.

Theinitial configuration/ · assignsthevalue0 to eachnode.Thefinal configuration/ requireseachnode¹ Y ( CÂ}v��}Ã» ) to have thevalue1; thevaluesfor every othernodeis “don’t care”.
Thiscompletesthespecificationof of thepartialSDS . . Wenow show thatthereis apermutation- such

that . canreachoneof thefinal configurationsspecifiedby / in onetransitionif andonly if thePL-PE3SAT
instanceis satisfiable.

Supposethereis a satisfyingtruth assignmentto thePL-PE3SAT instance.We constructthe following
permutation- for . . Thefirst ¦�­ entriesof - specifytheorderfor thenodesEe< and EF·< ( C�}�Qu}�­ ). If the
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satisfyingtruthassignmentsetsEe< to 1, then - puts EF< aheadof E ·< ; otherwise,- puts E ·< aheadof EF< . Thelast» entriesof - are ¹ 2 , ¹ 6 , 9�9�9 , ¹ Ë . It canbeverifiedthatwhentheSDSexecutesonestepin theorderspecified
by - , the final valueof EF< is identical to the valuegiven by the satisfyingassignment.As a consequence,
whenthenodescorrespondingto theclausesexecute,eachof themhasafinal valueof 1. This is in thesetof
allowablefinal configurationsspecifiedby / . Thus, - is a valid solutionto theconstructedgeneralizedPME

instance.
Now, supposethere is a permutation- for . suchthat . , startingfrom / · , reachesone of the final

configurationsspecifiedby / in onestep.We carryout this stepof . using - andclaim thatthefinal values
assignedto the E�2 , Eg6 , 9�9�9 , EF: give anexactly 1-in-3 satisfyingassignmentto thePL-PE3SAT instance.To
seethis,assumethatsomeclause¹ Y is not satisfiedin anexactly 1-in-3 fashion.Let E Y T , E Y U and E YR¿ denote
thethreevariablesappearingin ¹ Y . Sincethefinal valueof node¹ Y is 1, whennode ¹ Y wasexecuted,exactly
oneof E Y T , E Y U and E YR¿ was1. Without lossof generality, supposeE Y T was1 andtheothertwo nodeswere0
when ¹ Y executed.Now, in thefinal stateif E Y U is also1, then E Y U musthaveexecutedafter ¹ Y . However, node¹ Y with value1 is oneof theinputsto E Y U . So,if E Y U executesafter ¹ Y , thenE Y U wouldbesetto 0, contradicting
ourassumptionthatthefinal valueof E Y U . Therefore,eachclauseof thePL-PE3SAT is satisfiedin anexactly
1-in-3 fashion.Thiscompletestheproof of thetheorem.

5.2 Polynomial Algorithms

Theorem 5.3 ThegeneralizedPME problemcan be solvedin polynomialtime for (BOOL, OR)-SDSsand
(BOOL, AND)-SDSs.

Proof sketch: Wepresenttheprooffor (BOOL, OR)-SDSs.A prooffor (BOOL, AND)-SDSscanbeobtained
by adualargument.

Considera (BOOL, OR)-SDS . . If thereis any nodethatgoesfrom 1 in theinitial configurationto 0 in
thefinal configuration,stopandoutputNO. Similarly, if thereis any nodethat goesfrom 0 to 0 andhasa
neighborwhoseinitial valueis 1, stopandoutputNO. Changethefinal stateto 1 for every nodethatgoes
from 1 to don’t care.Definea nodeto bea stable-0if its initial andfinal valuesareboth0. Definea nodeto
bea stable-1if its initial andfinal valuesareboth1. Definea givennodeto bea viable-1nodeif its initial
value is 0, its final value is either1 or don’t care,andthereexists a pathof zeroor moreviable-1nodes
connectingthegivennodeto a stable-1node. (Computationally, this canbecomputedby startingfrom the
stable-1nodes,andidentifying viable-1nodesasa nodewhoseinitial valueis 0, final valueis either1 or
don’t care,andis adjacentto eitherastable-1nodeor anodethathasbeendeterminedto beaviable-1node.)

If thereis any nodewhoseinitial valueis 0, final valueis 1, andis not a viable-1node,thenstopand
outputNO, otherwise,outputYES.

If thealgorithmoutputs“yes”, thepermutationcanbedeterminedasfollows. First, thedon’t caresare
resolved.All nodeswhoseinitial valueis 0, final valueis don’t care,andareaviable-1,have theirfinal value
changedto 1. All nodeswhoseinitial valueis 0, final valueis don’t care,andarenot a viable-1,have their
final valuechangedto 0.

Thepermutationfirst hasall thenodeswith final value0. Thenit hasall thestable-1nodes.Thenit has
theviable-1nodes,in theorderof their minimumdistancefrom thesetof stable-1nodes,wheredistanceis
determinedusingthesubgraphof nodeswhosefinal valueis 1.

The following resultshows that for (BOOL, NOR)-SDSsand(BOOL, NAND)-SDSs,the PME problem
(without don’t carevalues)can be solved in polynomial time. This result brings out the contrastin the
complexity of GEN-PME andPME problemsfor (BOOL, NOR)-SDSsand(BOOL, NAND)-SDSs.

Theorem 5.4 ThePME problemfor (BOOL, NOR)-SDSsand (BOOL, NAND)-SDSscanbesolvedin linear
time.
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