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Abstract

We continuethe studyinitiatedin [Ro01] on Stadkelbeig SthedulingStrategies We aregivena setof
n independenparallelmachinesr equivalentlya setof n paralleledgeson which certainflow hasto be
sent.Eachedgee is endavedwith alateng functionl. (-). Thesettingis thatof anon-cooperatiegame:
playerschooseedgessoasminimizetheirindividual latencies Additionally, thereis a singleplayerwho
controlasfractiona of thetotal flow. The goalis to find a strateyy for theleader(i.e. anassignmenof
flow to indivual links) suchthatthe selfishusersreactso asto minimizethetotal lateng of the system.
Building ontherecentresultsin [Ro01, RT0OQ], we shav thefollowing:

1. We devise a fully polynomialapptoximateStadkelbeig scheme: given a performanceequirement
(1 + ¢€), thestaclelbeg schemeunsin time polynomialin n ande andproducesanassignmenof
flows suchthat the costof the inducedNashequilibriumis within a1 + € factorof the optimum
staclelbeqg strateyy s*.

Theresultis extendecdto obtaina polynomial-approximatioschemeavheninstancesrerestricted
to layereddirectedgraphsin which eachlayerhasa boundechumberof vertices.

2. Wethenconsidematwo roundStaclelbeg stratgy (denotedSS).In this stratgy, thegameconsists
of threerounds:a move by theleaderfollowedby themovesof all thefollowersfolowedagainby a
move by theleaderwho possiblyreassignsomeof the flows. We showv that2SSalwaysdominates
the oneroundschemeandfor someclasse®f lateng functions,is guaranteedio be closerto the
global socialoptimum. We alsoconsiderthe variantwherethe leaderplays after the selfishusers
have routedthemseles,andobsene thatthis dominateghe one-roundscheme.

Extension®f theresultsto thespeciakasevhenall thelateng functionsarelineararealsopresented.
Ourresultsextendthe earlierresultsandansweran openquestionposedby RoughgardefiRo01].
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Alamos NM 87545. The work is supportedby the Departmentof Enegy under Contract W-7405-ENG-36. Email:
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1 Intr oduction and Motivation

Thedynamicbehaior of large scalenetworks canoftenbe modelledoy non-cooperatie gameswith agents
actingin a selfishmanner Thefixed pointsof suchdynamicalsystemsftencorrespondo Nashequilibrium
of the correspondingnon-cooperate game. Although Nashequilibria areadequatdérom the standpoinof
useroptimium, theseoperatingpointsare usuallyinefficient asmeasuredy the way systemresourcesre
used(a.k.a. system/sociabptimum)[Ro01, KLO97a, KLO97b]. The inefficient useof a systemcanbe
overcomeby a numberof possiblestratgiesthataim to bring the operatingpoint of the systemcloserto
a socialor a systemoptimum. Examplesof this include: (i) Pricing: Use pricing mechanismghat lead
to stratgjiesby playerswith equilibriathataremoreefficient[CS+93 FPS0Q SMGO01], (ii) Algorithmic
Mechanisms: Network wide ruleson how commoditiesare stored,routedand scheduledNR99, CS00],
(iif) Network Design: Designingnetworksin which Nashequilibriaarecloseto globaloptimum[KLO97b,
Ro014. Theaboe approachedemanceitherthe additionof a nev componento the networking structure,
suchasprice or apriori designdecisionsregaringthe network topologyor policiesused.Herewe consider
analternatve approachmotivatedby the earlierwork of [KLO97a,R00]. In this setting,we have two types
of players: setof selfishplayerswho wish to minimize the lateny they experienceanda managemwhose
aimis to optimizethe overall systemandis aware of the selfishplayersuse(calledmanager/leader)This
propertyallows the managefleader)to predictthe responsef the selfishusersandthuscanhelp guidethe
final equilibrium point thatis morecloserto the systemoptimum (in termsof the global objective function
underconsideration)Thisis aninstanceof a classof gameswvhereinthereis anexogeneouslylefinedorder
of playerssuchthatthefirst player(calledtheleader)declaredis stratgy first andenforcest on the other
player(thefollower). Suchgamesarereferredto asLeaderFollower gamesor alternatvely as Stadkelbeg
games Suchgamesalsoarisein thedesignanddevelopmentf large scalesocio-technicasimulations.See
[Web, AP+01]for moredetailsontheseprojects.

Herewe considera particularStaclelbeg game(referredto as Stakelbeg Flow RoutingGam@. This
gamehasbeenstudiedextensvely in the past[KP99, KLO97a,KLO97b, MS01,Ro0]. We have a single
sourcedestinatiorpairjoinedby m parallellinks from thesourceto the sink. Lateng functionsarespecified
for the links, andthey arerequiredto be non-decreasingThis canalsobe viewed asa machinescheduling
problem. Eachagentis assumedo constitutean infinitesimalfraction of the flow, andthe total flow to be
setup is denotedby r. In addition,thereis onedistinguishedblayercalledthe leader(or manager).The
leadercontrolsa fractionof theflow r. The protocolof the gameis asfollows: First, theleaderchoosesin
assignmens = (si,... , sy,,) Of flows on thelinks, takinginto accountthat remainingplayersaregoingto
play selfishly Next, all the selfishplayersroutetheir flows sothatthe systemreaches Nashequilibrium, .
Theassignmenthoserby theleaderis calleda staclelbeg stratgy andit satisfies) _, s; = ar. Thegoalis
to minimizethecostof theflow s+ t. In this paperthatthetimeit takesto reachtheuniqueNashequilibrium
is not of interest.But, we will beinterestedn the computationatostof finding a Staclelbeg stratgy. We
will saymoreaboultthislater

As aguedin [KP99,KL0O97a,KLO97b,MS01,R001], despitets simplicity, theabore settingmodelsa
numberof practicalsituationsthatarisein the designof communicatiometworks andmachinescheduling.
For example,asnotedin [KLO97a], in broadbanahetworks, bandwidthis separate@mongdifferentvirtual
pathsresultingeffectively, in a systemof parallelandnon-interferringinks. Moreover, recentlP specifica-
tionsprovidesthe optionof choosinga particularpathsto routetheir paclets[CR+93,DH95]. Similarly, as
notedin [BPS99],mary ISPshave choserto increaseheir network capacityby placinga setof parallelfiber
optic links betweenconsecutie switchingcenters.In this setting,the ISPsasownersof the infrastructure
canresere certainamountof bandwidthfor itself andallow the remaindernf the bandwidthto be usedby
thecustomersSee[KP99, KLO97a,MS01,R007 for otherexamplesof sucha setting.



2 Our Contributions and Related Work

We continuethe studyinitiatedin [Ro01] onfinding polynomialtime computableéStaclelbey stratgiesthat
improve uponthecostof Nashequilibriaobtainedwithoutthepresencef ary leader In our setting,we have
atotal of r units of flow to routeandthe leadercontrols« -  units of flow. The main resultsof this paper
includethefollowing:

1. Givena setof n parallellinks with lateny functionsrepresentecs polynomialswith non-ngative
coeficients, we devise a family of Staclelbeg algorithms1SS thatfor eache > 0, yield an assignment
of flows to thelinks with thefollowing property: The costof the solutioninducedby 1SS is no morethan
(1 + ¢) timesthe costof the solutioninducedby anOptimalStaclelbeg stratgy. Thealgorithmsrunin time
thatis polynomialin thesizeof thenetwork andthe e andthusconstitutea fully polynomialtimeapproximate
Stakelbeg schemefor theStaclelbeg flow routinggameon parallellinks. Notethatasshavn in [Ro01], the
problemof computingthe optimal Staclelbeg stratgiesis Weakly NP-hardevenfor instancesonsisting
of n parallelinks betweena given sourcedestinationpair, even whenrestrictedto linear lateng functions
on eachedge.Roughgardes’'[Ro0]] resultsimply a é approximatioralgorithmfor the generalcasé and
a ?h%a approximatioralgorithmfor the caseof linearlateng functions. The authorin [Ro01] left openthe
guestionof designingapproximatioralgorithmwith a betterperformanceyuaranteéCan wedo betterwith
mote sophisticatedalgorithms?Indeedthe resultsdo not rule out the possibilityof a fully polynomial-time
appioximationschemefor the probleni. Thusour resultsanswelthe above questionaffirmatively.

2. Wethencosiderslightly morecomplicatedopologies.Extendingthe first result,we devise polynomial
time approximateStaclelbeg schemdor the Staclelbeg flow routinggamewheninstancesrerestrictedo
be layereddirectedgraphwith boundedchumberof nodesperlayer Theresultinfacthold whenwe have a
constanhumberof multiple sourcedestinatiorpairsandthe Staclelbeg leaderhascontrolover afractiona
of theflow requirementor eachpair. Theresultalsoholdswhenwe areallowed polynomiallymary parallel
edgeshetweenrary pair of nodes.Thusthe resultcanbe viewed asa strict generalizatiorof the first result.
However in contrasto thefirst result,thealgorithmis only a PTAS asopposedo FPAS.

3.  We thenconsidertwo variantsof the basicStaclelbeg Stratgy. Thefirst variantcanbe viewed asa
repeatedStaclelbeg stratgy. A natural,well known, generalizatiorof the staclelbeg stratgy is to allow
themanageto changehis assignmentThusthe gamehasthreebasicrounds:In round1, the leaderassigns
certainflow s to eachof thelinks. In round2, the selfishplayersthenassignthe remaining(1 — «)r flow
(denotedby t) suchthattheflow (s + ¢) is a Nashequilibrium. Finally, in round3, the leaderis allowedto
reroutesomeof the ar flow it controls.Call this assignment’. Thustheresultingassignmenis s’ + ¢. We
call this the 2-roundStaclelbeg Stratey. It is straightforvard to definea k-roundStaclelbeg in a similar
fashion.Thefirst obserationis thatmorethan2 roundsdo nothelpary more.Secondwe shawv that2 round
Staclelbeg Stratgy strictly dominateshe 1 round Staclelbeg Stratey, i.e. the costof assignments no
morethanthe costof 1 roundStaclelbey. For somespecialclasseof lateny functions,we obtainbetter
facors. An interestingaspectof the problemis thatin the instancesvhereoneandtwo roundstaclkelbeg
stratgiesguarante@nly a é eventhe Nashequilibriumis within é of the systemoptimum.

Finally, asasecondrariant,we considethe casevhentheremainingagentdirst chooseheirassignment
(denoted) thatyieldsa Nashequilibriumfor the (1 — «)r unitsof flow andthenthemanagechooses. We
shaw thatthis actuallyis betterthanoneroundStaclelbeg 155, thoughin generathe asymptoticfactoris
still é Theresultpointsout the relative importanceof two differentfactors: onewhereinthe leaderplays
first, it imposests stratgy overthefollowersandtheotherwhereintheleadercanwait to seewhattheselfish
usergplay andthentry androutetheremainingflow soasto minimizethetotal lateng.

2Throughouthis paperandtheearlierwork of [Ro01, RT00], it is assumedhatall lateng functionsarenon-ngative, continuous
andnon-decreasing.



3 BasicModel and Preliminaries

For sale of consisteny, to the extent possible we usethe notationusedin [Ro01]. In generalwe have a
directednetwork G(V, E), with lateng functionsé, () specifiedoneachedgee. A vector7 specifiegheflow
requiremenbetweerdifferentpairsof nodesin G. For a function f, we use f'(z) to denotethe derivative
of f atz. Herewe will be concernedvith lateny functionsZ.() that are continuous differentiableand
non-decreasirfy

By x = OPT(G,r) andy = Nash(G, r), we denoteheoptimumflow assignmer@ndtheNashflow as-
signmentrespectiely, whentheflow requirementarespecifiecdby r. Letasdefinedaborex = (z1,... ,z,)
bethe (systemor social)optimalassignmen(i.e., afeasibleassignmenthatminimizes) , z;¢;(x;)). Order
thelinks sothat?;(z;) < ¢;(z;), Vi < j. Gievn aflow assignmentl to thelinks the costassociateavith u is
measure@sC(u) = ), u;¢;(u;). Sometimeswe will needto considera subsebf links ratherthanall the
links. Todothis,let X C E denoteasubsebdf links. Thengivenanassignment of flowsto E we use

e Uy todenotetheprojectionof u on X,
e C(ux) = > ;cx uili(u;) to denotethecostof theassignmentestrictedto X and

e U(X) = > .c x u; to denotethesumof flows onlinks restrictedto X

In generalwe will useu andug interchangeably

For themostpart,this paperdealswith networksconsistingof two nodesy; andw,, with m parallellinks,
1,...,m, betweerthem.ThusthegraphG(V, M) consistof V = {v,, v;} andedgesetM = {ei,... ,en}
with eache; = (vs,v¢). In this setting,r unitsof flow have to be sentfrom v, to v;. Throughouthis paper
we will usez to denotea vectorof flow valuesassignedo edgesandusez; to denotetheflow onedge:.

Definition 1 A Stackelberg Strategy is an assignmenvectorssud that ) ", s; = ar andthe Nashequilib-
rium t* inducedby sis a vectorsatisfyingthe following properties.

LY, ti=(1—a)r

2. Li(s; + ) < gj(Sj + tj) for all 4, j sudthat¢; > 0.

Fromthe definition above, given the Staclelbeg assignmens, the inducedNashassignment is well
defined andthecostinducedby sis definedasC(s+t) or C(s) andis givenby C(s) = >, (si+ti)4i(si+1;).

An instanceof the Staclelbeg Routingproblemis givenby (G, «, r). HereG is the graphconsistingof
parallellinks, « is the fraction of the flow canbe chosenby theleaderandr is thetotal flow to be routed.
Thus(1 — «)r unitsof flow areroutedby selfishplayersandeachcontrolsaninsignificantlysmall quantity
of thethisflow. Thegameis playedin two steps:

1. In Stepl, the Staclelbeg player(leader)chooses flow vectors suchthat) °. s; = ar.

2. In Step2, theselfishusersroutetheremaindeof flow i.e. chooseanassignment of (1 — «)r unitsof
flow to thelinks to reacha Nashequilibriuminducedby s.

Thecostof thegameis C(s) = ), (si + ti)¢i(s; + t;). Lets* betheoptimal Staclelbeg stratgy, andt* the
(unigue)Nashequilibriuminducedby s*. Thuss* = argmin{C(s) : sis a Staclelbeg Stratgy }.

3Theconditionsassumedreidenticalto thosein [RT0O0].
“Technicallyt shouldbeindexedby s; but in the currentsettingthis will be clearfrom context andwill thusbe omitted.



Definition 2 An p-appioximateStadelbeg strategy (algorithm)for the Stadelbeig Flow Routingproblem
is a polynomialtime algorithm that outputsan assignmens of flowssud that its inducedcostC(s) is no
mote thana multiplicativefactor p more thanthe costof the assignmeninducedby the optimal Stad&elbeg
Strategy s*, i.e. C(s) < pC(s*). A polynomial time approximate Stackelberg scheme for the Stadelbeg
Flow Routingproblemis a family of algorithmsthat for ead a givenperformanceequiemente > 0, run
in time polynomialin e and problemspecificationand outputan assignmentectors, sud that C(s,) <
(1+¢)C(sY).

4 A Fully Polynomial Approximate Schemefor Stackelberg Strategies

4.1 Propertiesof s

We firstisolatecertaininvariantsof the optimal stratgy, andshav thattheknowledgeof thesenvariantsre-
ducegheproblemof finding s* to solvingamulidimensionaknapsacknstance To geta (1-+¢)-approximate
solution,it is suficientto guesgsheseinvariants,andthis is demonstratedh the next section.

Recallthats* denoteghe optimal stratgy andt* denoteghe optimal Nashequilibriuminducedby s*.
LetM—g = {i : tf = 0} andM~ = {i : t} > 0}; thusE = M—_q U M+, andM—o N Mo = ¢ ThusM—
consistsf thosemachinesvhich areno assignedlow by the selfishusersand M-, is the setof machines
thatareassigned positive flow by teh selfishusers.The costinducedby s* + t* is the sumof the costof
assignmentsn M_, andon M~ . Then:

e Sincet* is a Nashequilibrium,by Lemma6 (Appendix),thelateny onall ; € M+ is thesame.Let
usdenotethislatengy by L*.

e Secondgsinces*® is anoptimal Staclelbeg stratgy, by Lemma7 (Appendix),the mamginal costsof
increasingcostonary ¢ € M—, arethesame We will denotethisby D*.

e Finally, sinceVi € M_,, t! = 0 it mustfollow thatVi € M_g, ¢;(s}) > L* (otherwisethe Nash

K3

assignmenivould chooseo addsomeflow onlink 7).
Thefollowing obserationshavs thattheassignmenof s* to M-, is notunique.

Observation 1 Letsbeanyassignmensud thats; = s7,Vi € M-y ands; < s; + t7,Vi € Mg, while
satisfying) ~, 8; = >, si. Let#; = s} + 1t} — &;, Vi. Thentis aNashequilibriuminducedby the Stakelbeg
strategy sandC (3 + t) = C(s* + t¥).

4.2 Reductionto Multidimensional Knapsack

Assumenow thatwe know L* andD*, andS; = s*(M—o). ThenUZ, = r — S is the total assignment
on M~ by s* + t*. Also assumehatwe cansolwe for therootsof the lateny functionsexactly. All these
assumptionsvill be relaxed within a 1 + e factorwhenwe look for an approximatesolutionin the next
section.

For eachlink 1, the basicdifficulty is decidingwhetherit mustbelongto M_y or to M~,. Oncethis
decisionis made,the assignmenbn it is easilyfixed: if i € Mg, solve for u; in ¢;(u;) = L*; else(i.e.
i € M_y,) solvefor s; in (s;4;(s;))) = D*, wheretheprimeasstateddenoteshederiative. Theassumptions
thatthelateng functionsarepolynomialandnondecreasingmply thattherootsareunique.

Scine,we do notknow if alink belongsto M_, or to M-y, we computefor eachlink 4, atuple (s;, u;)
wherel; (u;) = L* ands; is definedasfollows: lety bethesolutionto (z¢;(z))" = D*. If £;(y) > L*, define
s; =y, otherwises; = oco. Thereasoris thatif y representshe flow on the machineon which the selfish
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usersdo not assignary flows, thenthelateny onthis machineshouldbeatleastL*. LetU* = ), u;. The
tupletells usthe assignmentf flows on thelink oncethe decisionaboutthelink beingin thesetM_ or to
M-, is made.

Lemmal Let X be a subsetof links that minimizes),_ « s;/;(s;), while satisfying} ..y s; = S5 and
Yicx ui = U*—U%,. Considerthestadkelbeg strategy w definedasw; = s;, Vi € X andw; = 0,Vi ¢ X.
ThenC(W) = C(s").

Lemmal (proof omitted) provides a methodfor choosingthe membershipf eachlink to one of the
setsM_, or to M~ andalsospecifiesa methodfor assigninghe flow valuesappropriately Note thatthe
staclelbeg assignmentloesnot needto assignarythingon X .

GivenLemmal, the problemnow reducedo of finding suchan X. As shavn the problemof finding
X is avariationof the standarcknapsackproblem,andcanbe solvedin pseudopolynomigime by dynamic
programmingwhich is sketchedherebriefly. The next sectionwill modify it to obtaina polynomialtime
approximation.

As mentionedbefore,eachlink 7,7 = 1,... ,m, is associateavith a pair (s;, u;) andcoste; = s;4;(s;).
We alsoassumehatwe aregiven Sg, Ui and L*. We needto computethe cheapessubset,X, satisfying
s(X) = S andu(X) = U* — U%,. We describethe dynamicprogramfor a slightly moregeneralproblem
here: givenboundsA,, As, By, B, determinethe cheapessubsetX satisfyings(X) € [A1, A2],u(X) €
[B1, B2]. Suchadynamicprogramcanbe usedfor the currentcaseby settingA; = A, = S5 andB; =
By, = U* — U%,, but will be usefulwhenwe considerthe approximateversionin the next section. (See
Appendixfor the descriptionof thedynamicprogram)

4.3 Finding an Approximate Solution

In the previous section,we shavedthatif we knew theinvariantsL*, D*, S exactly, we could computethe
optimumstaclelbeg stratgy. We cannotexpectto know thesequantitiesexactly, but canguesghemwithin
afactorof 1+ g, simply by trying all possiblepowersof 1 + 4. If thesequantitiesarepolynomiallybounded,
the numberof trials is boundedoy a polynomialin méo(%- We shav now thatwith this slack,we canstill
obtainanapproximatesolution.

We assuméherethatall the lateny functionsare rationalfunctionsof polynomialswith polynomially
boundedntegral coeficientsandexponents.This allows usto estimatethe assignmentsn the links, given
thelatencieson them(which we guessasmentionedabove) andalsoensuregshatwhenthe assignmenon
alink is increasedy a smallfactor thelateny doesnot blow up. We will have afixed parameteb, which
depend®n e, andanotherparameterd, , is chosersothat/;((1 + 20)z) < (1 + d1)4;(x) for ary i,z. For
our purposesy will bechoserto beinversepolynomial.

Following the discussionabore, assumethat we have guessed, D, Sy, Uso sothat L € [L* (1 +
02)L*], D € [D*, (1 4+ d2)D*], So € [Sg, (1 + 62)S5] andUsq € [UZ,, (1 + 02)UZ,] for aparameted, to
be specifiedbelon. For eachlink 7, s}, u; aredefinedasin the previous section. For eachlink 7, solve for
¢;(z;) = L and(y;4;(y;))' = D sothattheestimatesreatleastaslarge astheexactrootsof theseequations,
but not exceedingby a factorof 1 + d,. By choosingd, < ¢ appropriatelywe canensurethatu; = z;
satisfiesu; € [uf, (1 + 8)u]. If £;(y;) > (1 — 6)L, defines; = y;°, otherwises; = oc. Thisgivesusatuple
(84, u;) for eachlink s.

As before,s; is intendedto be the assignmento link s if it is in M_, andu,; is the assignmento link
i if it isiin M~y. Theextracomplicationwe will faceis thatevenif i € M—y, we mayhavet; > 0 in the
approximateStaclelbeg solutionwe find.

®This ensureshatif s} is finite and#;(s}) > L*, £;(s;) > (1 — §)L*



The next lemma- arefinemenbf Lemmal, shavs how the problemof approximatinghe Staclelbep
stratgy canbeviewed asanapproximatiorto the knapsackproblem.

Lemma?2 LetX C F beasubsesatisfyingthefollowing conditions.
L Yiex si € [(1— )8, (1+ 6)85]
2. Y g ui € [(1—0)(r — 55), (L +8)(r — 55)]
3. X minimizeghecost),  y sifi(si).

Considerthefollowing stadelben strategy w' inducedby X: if s(X) < ar/(1+26), w} = (1+24)s;,Vi €
X andif s(X) > ar/(1 + 26), w} = %si. Then,C(W) < (1 + €)C(s")

Theproofof Lemmaz is basedn thefollowing proposition(seeAppendixfor a proof).

Proposition1 LetZ bethe Nashassignmeninducedbyw andu’ = w’ + 2'. Let L' bethe commorNash
latencyonall edgesi sud that z; > 0. Thenthefollowing hold:

1. Vie X, w, < (14 20)s;.
2. W(X) > 5.

Proof of Lemma 2: As in Propositionl, let Z bethe Nashassignmeninducedby w' andu’ = w' + Z'. Let
L' bethecommonNashlateny onall edges suchthatz] > 0.

We boundC (W' + Z'), by consideringhe costover setsX andX separatelyFirst, considersetX .
CWy) =Y wull =u/(X)L'.
i€X
Next, considerthecostrestrictedto setX, .. v (w; + zj)¢;(w; + z;). We arguein thefollowing steps.
1. Wefirstshaw thatwheneer z; > 0, £;(w; + z;) is closeto £;(w}).

2. Secondusingthis andthefactthatw) is notmuchlargerthans;, we shaw that ", wi¢; (w} + z;) is not
muchlargerthan; si4;(s;) whichin turnis closeto C(s},_, ) becausef thechoiceof setX.

3. This leavesuswith the part ), 2i4;(w] + z;) = 2'(X)L’. Wewill shav thatZ'(X) + u'(X) is not

muchbiggerthanu(X), andthis allows usto boundthe sumof Z/ (X)L’ + u'(X)L'.

FromPart3 of Propositiond, if z; > 0 for somei € X, ¢;(w} + z;) = L' < (1 + 6,)L. By construction,

Vi€ X, Li(s:) > (1—8)L > (1—8)L'/(1+8) = (1— 0w} +2)/(1+ ),
andusingPart 1 of Propositionl, we get

Z wgéz(w; + zz') < (1 + 2(5)2(1 + (51) Z Szez(sz)
1€X 1€X



Next, sinceX is thecheapessetsatisfyingthefeasibility conditions we have

D osili(si) < Y siti(si) < (1+8)(1+61)Cuiy(s”)-

1€X 1€EM—o

Togetherthis givesus

> witi(wi + ) < (1+20)(1 4 61)*Crr_g(s¥)-
1€EX

Finally, we boundthepartz'(X)L’. Notethatbecausev'(X) + u(X) > (1 — d)r,
Z(X)=r—-wW(X)—-U(X) <26wW(X) + (1+20)u(X) — U (X),
Moreover, sincew’(X) < s(X)(1 +24) andL’ < (1+ 1)L, we have

W(X)L' < (1+28)(1 + 61)s(X)(1 = §)L < (L+28)(1 + 61) Y _ sibi(si) < (1420)%(1 4 61)°C(shuy)
ieX
wherethe secondnequalityholdsbecausé;(s;) > (1 — §)L,Vi € X.
Puttingall thistogetherwe have

CW) = > (w)+z2)t(w)+2) + > uili(u)
i€X ieX
(1+20)%(1+61)2C(sh_,) + 26(1 +26)2(1 + 61)C(sh,) + (1+28)u(X)L

<
< (144614 61)°C(sh,) + (1+28)(1 + 61)u(X)L.

UsingthefactthatZ < (1+4;)L* andthatu(X) < (1+6)(r—S;), wegetu(X)L < (14+6)(1+61)C(shys o)-
ThereforeC(w') < (1 + €)C(s*), wheree is chosersothatl + e = (1 +46)%(1 + 26;)2.m

Recallthat we have estimatesS, € [S5, (1 + d2)S5] andUso € [UZ,, (1 + d2)U%,] for appropriate
d2 < 4. Sincewe do not know S, U, exactly, we will actuallyfind the cheapessubsetX suchthat
s(X) € [(1—02)S0, (1+2)So] C [(1—0)55, (1+6)S5] andu(X) € [U—(1+62)Us0,U —(1—d2)Uso] C
U - (140)U%y,U — (1 = 6)UZ,] (whichautomaticallyensureshatu(X) € [(1 — 0)UZ,, (1 + §)UZ,)).
This leavesuswith the problemof finding anapproximatesolutionandthis is solvedin thefollowing steps.

1. Guesghevaluesof L, D, Sy, Us asdescribedefore which meansve try outevery powverof 1 + §,
as a potential candidatefor thesevalues. Oncethis is done, solve for s;, u; andthen performthe
stepsbelav to geta solutioncorrespondingo thesevaluesif it is feasible. Finally, choosethe setof
candidateshatgivesthe cheapessolution.

2. ScalingLet my = max;{s; : s; < oo} andm, = max;{u;}. Defines; = L%’:J, il = L%muJ'

Sy = [%J andUso = LUﬁnOTJ- LetU = Y, 4. If s; > Sp,s; < oo for somes, it is clearthat

1 € M~q, andwe canremove link 5 from considerationThereforewlog we canassumehatm; < Sp.
Similarly, we canassumehatm,, < Usy.

3. The Dynamic Program Runthesamedynamicprogramdescribedn thepreceedingection:compute
thecheapessetS(m, (1 — d3).So, (1 + d3)So, U — (1 + 63)Uso, U — (1 — 63)Uso), in thenotationof
theprevioussectionwhereds is asmallenoughparameteto befixedlater This givesusasetX such
that

§(X) e [(1—63)8,(1+03)8), and U(X)e[U—(1+8)Us0,U—(1—083)Us0)]

andthe costof X is minimized. Therunningtime of this stepis O(m® /7).
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Proposition2 Let X be as constructedn the above step. Thens(X) € [(1 — d2)So, (1 + d2)Sp] and
U(X) € [U—(1+062)Us0,U — (1 = 62)Us0].

Proof: SeeAppendix.

5 Extensionto Layered Graphs with BoundedWidth

Considera layereddigraphG with layersVy, Vi, ... , Vi of verticeswith sourcev, € V, andsinkv; € Vg,

andwith edgesonly betweersuccessi layers. Assumethat|V;| < w, Vi. Again, atotal of » units of flow

hasto be sentfrom v, to v;, andthe staclelbeg stratgy cancontrolar partof this. A staclelbeg stratgy s
now correspond$o decidingvs — v flow pathswith atotal of ar flow onthem.As before t is theinduced
nashflow, satisfyingthepropertylp(t + s) = £p/(t + s) for every pair of pathsP, P’ suchthattp,tp > 0.

We shaw thatthereis a simpledynamicprogrammingsolutionto approximatehe staclelbeqg stratgy when
thelateny functionsareall polynomialfunctions.

The optimum staclelbeg assignmentnducesa flow vector on eachlayer, which specifiesthe flows
througheachverte, andthelateny of nashflow pathsthroughit. Thebasicideais to guessa closeapprox-
imationto thesevalues.With eachlayerV;, we associata flow vectorh =< h,,z € V; >, whereh, is a
triplet h, = (L,, s, o) for eachvertex z, whosesemanticaredescribedelown. r, denoteghetotal flow
throughz to v, a  is the fraction of flow carriedby staclelbeg paths,and L, is the commonlateny of
nashflow pathsfrom z to v, 6. Suchavectorh for layerV; completelycaptureghe stateof theflow through
verticesin V;. Thoughwe would notactuallyknow the correctquantitieswe shallguesgshemwithin al + §
factor Thetotal costof s + t is the sumof the costsof thelt is now easyto seethatonceflow vectorsare
specifiedfor all layers,the problemreducedo finding the cheapestlow from layer V; to V;,, for eachi,
consistentvith theguessedlow vectors.Thisimmediatelysuggestshe dynamicprogramfor computingan
approximatiorto thebests + ¢ flow. Assumethatfor eachpotentialdiscretizedflow vectoronV; . ; we have
computedhe cheapestlow to v,. Now, for eachpossibleflow vectorh on V;, computethe cheapestlow
from V; to v, consistentvith 4 onV;. Thisinvolvestrying eachpossibleh’ onV;; andfindingthecheapest
flow from V; to V; ;. If thelargestlateny andflow valueis boundedoy N, the numberof flow vectorsat

ary layeris boundedoy (1(1)231115)3’”, whichis polynomialif N is polynomial.

We now considetthe subproblenof findingthecheapesiiow from V; to V; 1, givenflow vectorsh, h’ on
Vi, Vi11 respectiely. Theotherremainingssueof boundinghetotalerroris addressethter Let (L, 7y, ;)
denotethetriplet correspondingo vertex z € V; U V;41 in h, h'. First, considetthe casewherethereareno
paralleledgesihis restrictionis remaoved a little later Sincethereareonly w? edgesguessa subsetE’ of
edgeswhich carry positive Nashflow (we will try out every possiblesubsetE’, resultingin 2w’ iterations).
Foreachedgee = (w,w') € E', Ly, L, mustbedefinedandL,, > L, (if not, E' is notavalid guess)and
this determinesheflow f. onedgee suchthat?.(f.) = L., — L. Thisallows usto formulatethefollowing
flow problem,of similar natureasthat of [RT00]. We have variabless,, t. on eachedge,specifyingthe
staclelbeg andNashflows. Oneproblemis thatsincetheflow vectorsh, b’ areall aproximatetheremaybe
no flow thatsatisfieghefeasibility constraintexactly Thereforewe will relaxthefeasibility constraintset
by h onV;.

6 Two-round Stackelberg Flow Routing Game

We considerbelov a two round modificationof the game. The correspondingstaclelbeg strategy, called
2SSis denotedoy (s, s').

®Thisis invariantfor all pathsfrom  to v; carryingnonzeronashflow. If thereareno suchpaths thisis setto co



1. Choosea Staclelbeg strat@y s = (s1,. .. , s,,) satisfying) , s; < ar
2. Lett betheNash-equilibriuminducedby s.

3. Keept fixedandchanges to vectors’

The goal of two-roundstaclelbeg strat@y (s,s’) is to chooses ands’ sothat Cs’ + t (alsodenotedby
C(s,s')) isminimized. Theone-roundStaclelbeg stratgy leadsto anassignmentvith costatmosté times
the social(system)optimum,andso the questionis whethera two-roundstratgy leadsto a constanfactor
improvement.

It is easyto seethatfurtherroundsdo not help. If we have k alternatingstaclelbeg/Nashstratey, the
final solutionjust depend=n the final round. Surprisingly if the leaderplaysafter the remainingplayers
have formeda Nashequilibrium,theresultingsolutionis atleastasgoodas1SS.

6.1 The quality of 2SS

While 2SSmight not guaranteea factor betterthan 1SS,we shawv thatit is quite often much better Let
X,y be asdefinedbefore. Let A = {i : z; > y;}. Assumethatthe links areorderedin sucha way that
b(Tm) > ... > Li(z1). If z(A) — y(A) > ar, thebestthat1SScanguaranteés 1, whichis achieed by
the Nashsolutionitself. The factorguaranteedsymptoticallyby 2SSin this caseis alsoé, thoughit does
betterin alarge classof instances.On the otherhand,if z(4) — y(4) < «, 2SSalwaysgivesan optimal
solution,while 1SScouldstill give afactorof é in theworstcase We shav anexamplewhereboth1SSand
2SSarejustasexpensve asthe nashsolutionin the Appendix.

Lemma3 Letx = OPT(r) andy = Nash(r). LetA = {i : z; > y;}. If z(A4) — y(4) > ar, C(y) <
1C(x). If 2(A) — y(A) < a, 2SSeadsto theoptimumsolution.

Proof: Let L(y) be the commonNashlateny. Assumefirst thatz(A) — y(A) > ar. Then,C(za) >
(ar +y(A))L(y). ThereforeC(y) = rL(y) < WIA)/TC(UU)- Next, considetthecasez(A4) — y(A4) < ar.
Choosethevectors to bes; = y; — z;,4 € A ands; = 0,i € A. Then)_, s; < ar. TheinducedNash
equilibriumwill thenbet; = y; — s;, Vi. In thesecondound,chooses; = z; — y;,% € A ands;, = 0,7 € A.

Then)”, si = >, s; ands’ + t givesexactly the optimumsolutionz. B

Notethattheabore schemdor 2SSactuallyresultsin afactorof at mostm. ThelLLF stratgy for
1SSonly guaranteea factorof é andit canbeshavn thatno stratgy for 1SScanactuallydo better

Thefollowing Lemma(SeeAppendixfor proof) shavs thattheworstcaseboundscanbeimprovedwhen
thelateny functionsarerestricted.If ¢;(z(1 + §)) > ¢(d)4;(=) for eachi, the guaranteechieved by 2SS
canbeimproved. Suchanassumptiorns nottoo unrealistic sincefunctionsgrowing asfastasa polynomial
have this propertyat leastasymptotically

Lemma4 LetVi,u £;(u(l+6)) > ¢(8)¢;(u). Thenif @ < 1 and@(+L-) > 1, thenthere existsa 2SS
strategy; (s, s’), sud that



6.2 Linear Latency Functions

Roughgarden[RoQBhavsthatthe LLF stratgy for 1SSyieldsanassignmenof costboundedy 3%& times
the optimal, whenthe lateny functionsareall linear We shav that 2SSgives a strictly betterboundfor
this case.In this section,we assumehatthe lateny functionfor link 7 hastheform ¢;(u) = a;u + b;,i =
1,...,m anda;, b; > 0,Vi. Asin [Ro0]], we orderthelinks sothatb; < ... < b,,, andwe canassumehat
a; = 0 for atmostonelink 7, which canbeassumedo bethelastone,if it exists.

A ReassignmentOperation The 2SSstratgy we considerlater involves ar amountof flow to the nash
assignmenon setA (definedearlier). We describethe operatiorhere,andboundthe costaftertheincrease.
Let A = {1,... ,a} andx,y areasdefinedearlier Assumethatx(A4) = fgr,y(A) = f'rwith 3 > ' + «
andL(y) < £i(z1) < ... < Ly(z,) . Leta' < a bethesmallestindex satisfyingthe following properties:
() Yica @i —vi < o, (i) z; > 2,d +1 <i < a,wherez = Nash({a' +1,... ,a},8' +a— ;. Ti)
(iii) £y (zy) < L(%), whereL(z) = ¢;(2;) is thecommonnashlateny of z (seeAppendixfor moredetails).

Obsewation 2 Letx, z, A bedefinedasabove ThenC(x4) > ﬁ,iaC(zA).

Lemmab If thelatencyfunctionsare all linear, thenthere existsa 2SSstrategy (s,s’) sud that

4 4
3+a+a3/32’3+a+a(l—a)/8

C(s,s') < max(

)C(x)

Proof Sketch: The set A be definedas before,with z(A) = gr,y(A) = f'r. Theinitial staclelbeg
assignmensgis concentratedn A, in suchawaythats + t = y, wheret is thenashassignmeninducedby
s. Theassignmens’ is concentratedn A. The algorithmdepend®n two casespneof whichis described

belav. Thecompleteproofis describedn the Appendix.

Choosings’: In boththecasestheassignmend’ is constructedby performingthereassignmerdperation
definedearlier whichinvolvesaddinga flow of ar to thenashassignmeny 4 on A. Definezy = y4 + S'4.
By invoking Lemmaz2 it canbeshavnthatC(x4) > (8+ 575 )rL(y), wheree satisfiesC(z4) = (8’ + o+
e)rL(y). )

Casel: 3i € A suchthaty; — z; > ar.
By Lemmall,y; < 2z;, whichimpliesz; > y; — z; > ar.

First, suppose; > JL(y). Definez ; = Nash(A,r(1 — 8 — a)).

Choosings: choosesass; = y; — z;,Vj € Aands; = 0,Vj € A. By lemmal0, C(xz) > (1 —
08— 1_ﬁ"‘)‘)rL(zA) + biz;/4. Sincey; — z; > ar, andz is the nashflow obtainedby reducinga total of
ar flow from 4, z; > z; > ar. Therefore,C(x;) > 3=28+8+atda 17y which implies C(x)/C(z) >
Bra p dbl0le i ¢ > o, wegetC(x)/C(z) > HHeHUzlS i ¢ < o, wegetC(x)/C(z) > TH2E2/2,
wherewetake § = o?/4.

Next, supposehatb; < JL(y).

Choosings: In thiscasechooses; = ar ands; = 0, j # i. Definez; asz; = y; — ar andz; = y;,Vj €
A\ {i}. Letz; = yr > ar andy; = 'r > 2ar. By lemmal0,C(x 4 () > 1-=B—7— %’_"YI)TL(Q/) =

S L (y). Sinceb; < SL(y), Li(z) < T2 L(y) andC(xgy) < (v — @) =22 L(y),

2 . a2— Ia ! —a)e
C(xgy) = v(aiy +b;) > 7 L(y). Puttingall of thesetogetherwe get% _34e > 4747,%1651 )
Whene > a, we get% > 3tate® ith § setto a2/4. Whene < a, we obtain% — e > 4({’—;). |

"L(y) = £;(y:), Vi € Aisthecommonnashlatengy inducedby y
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Appendix
We stateimportantresultsin [Ro01, RTO(Q] thatwill beusedin therestof the paper

Lemma6 ([Ro01, RT0O0]) SupposéV is a setof madines(parallel links) with continuousnondeceasing
latencyfunctions.Then:

1. For anyrater > 0 of job traffic, there existsan assignmenof jobsto M at Nashequilibrium

2. If xandx’ are assignmentat Nashequilibriumfor (M, r), thenVi € M, l;(z;) = l;(z}).

Lemma7 ([Ro01, RTOOQ]) SupposeM is a setof madines(parallel links) with differentiable latency
functioni. Furthermoe assumehat z;/;(x;) is a corvex functionfor ead madinei. Thenan assignmenx
to themadinesM is optimaliff Vi, j € M, if z; > 0, then

li(x;) + ,’Ezl;(:ﬂz) < li(a:j) + .TJZ;(:EZ)

Moreover, theoptimalassignmentanbe computedn polynomialtime
In otherwords, all madineswith positiveflow assignmenhavethe samemarginal costfunction.

Lemma8 (Lemmab.1lin [Ro01]) Thenashassignmeny is givenby

m Vi
y = d; ' ;
; i
whee v; is thevector(;-,... , ;) andd; is definednductivelyas: 6 = 0, §; = min{(bi11 — b;) || vi |

7= Y08 andén, =1 — 37 6.

Lemma9 (Lemmab.2in [Ro0]]) Theoptimalassignmenk is givenby

Ui \'%
x= Z 0 ——,
whee v; is thevector(-, ... , --) andd; is definednductivelyas: &5 = 0, 6 = min{3 (bi11 — b:) || vi |

=005} andéy, = r — T 6%

Detailsfor Section4

Proof of Proposition 1: Theproofof Part1 is Obvious.

Part 2:

If S(X) < ar/(1+26), W(X) = s(X)(1+26) > (1—20)(1+2§)S; > S;. Next, supposes(X) >
ar/(1 + 26). By constructionw’(X) = ar. Now recallthat S§ is thefractioncontrolledby the staclelbeg
stratgy, andis boundedy ar, by definition.

Part 3:

To shaw this, we constructa Nashassignment ¢ suchthatw/(X) + vg(X) > r, andthe Nashlateny
Ly inducedby v satisfiesLy < (1 + é;)L. Now, supposeL’ > L,. Thisimpliesthatu, > v;,Vi €
X, which leadsto a contradictionbecauser’ (X) + u'(X) would thenexceedr. This leavesuswith the
specificatiorof the assignment. By Part2,,w'(X) > S;. Definevg = Nash(X,u(X)(1 + 24)). Since
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u(X) > (1 - 9)(r — S), wehavevg(X) > r — S5, andw'(X) + v (X) > r, the propertywe required

above. Also, thereexistsi € X suchthatv; < (1 + 2d)u;, sincevg(X) = (1 + 26)u(X), andthis gives
Ly =24;i(v;) = £4;(1 +20)u;) < (1+61)L.1

Dynamic Program for Computing X in Section4.2.
LetS(l, A1, A2, B1, B2) denoteasubsebf thelinks {1, ... ,1} which minimizesthe cost

C(8(1, Ay, Az, By, By)) = > €
i€S(1,A1,A2,By,Bs)

while satisfyingthetwo constraints
S(S(Z,Al,AQ,BI,BQ)) c [Al,AQ] and U(S(Z,Al,AQ,Bl,BQ)) S [Bl,Bg].

The costis 0 when! = 0 andis definedto be oo if S() is empty i.e, if no feasiblesubsetexists. The
recurrenceequationis now definedasfollows:

If
C(S(m —1,A1 — sy A2 — Sy Bl — U, Bo — up)) + e < C(S(m — 1, Ay, Ag, By, Bs)),
then
S(m, A1, As,B1,By) =S(m — 1, A1 — s, Aa — S, B1 — U, Ba — up) U {m}
else
S(m, Ay, Ay, By,By) = S(m — 1, Ay, Ag, By, Bs).

The formeris relevantif m is choserto bein the subsetandthe latterif m is not). Thisimmediately
suggestshedynamicprogramwith atotal storageof O(m - S§ - Uy ), whichis pseudopolynomial.

Proof of Proposition 2: First, we obtainboundson s(X'). By constructionit follows that

S(X) < yms(8(X) + [X[)/m < (1+63)S0 +yms < (14 63 +)So.

Also,
S(X) > ym8X)/m
> T 5)8,
m
Y Som
> 1S _
> = 53)(7 ) 1)
> (1—53)50—(1—53)7::5
> (1—-463)So — (1 —463)7vSo
> (1-43)(1—7)So

Chooseéj, sothat
d3+y<d and (1—-43)(1—7) > (1—da),

thenwe gets(X) € [(1 — d2)So, (1 + d2)So]-
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Next, we boundu(X). By constructionwe canupperboundu(X) in thefollowing way:.

RALLTIPN
uXx) < m“(u(X)+|X\)
My | X My A
< XmlX] M g i)
m m
1—
< ’)’mu—I-U—( d3)ymy, , Usom _ 1)
m Y1y
S U — (1 — (53)U>0 + YTy, + (1 — 53)'7mu
< U—-(1-4d3—2y)Uso.

Finally, we obtainalower boundfor u(X):

Ty

w(X) > a(x)
m
m ~ ~
> fymu(U—(1+53)U>0)
U .
> T2y (14 63)0s0)
M YMy
> U_7mu_(1+53)U>0
> U —(1+ 83 +7)Uso.

If 69 satisfiesis + 2y < d, weget
U(X) € [U — (1 +62)Us0, U — (1 = 62)Uso]-

Thequantitiesd,, ds, v canbechosersothatall theabove constraintaresatisfiedl

Detailsfor Section6

A Tight Example for 25S.We describeaninstancebelov Wherethefactoré is tight. ConsideragraphG
with two nodesu, v andtwo paralleledgese, f betweeru, v. Definethelateng functions’,, £y areshavn
in Figurel. Assumethatd; < d5 ande, d1, §, areall very smallquantities.

L(1+ ¢)

5 1-a-& 2
(@) (b)

Figurel: A tight example(a) function,,(b) function;
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In thisexample theoptimumassignmenassignslightly lessthana + é4 onlink e andslightly morethan
1—a—dyonlink f, leadingto atotal costof almost(a + d2)(1 + €) L. Thenashequilibriumis (61,1 — é1),
with atotal costof L. It is easyto seethatary 1SSstratgy thatcontrolsat mosta: amountdoesnotimprove
onthecostof nash.2SSdoesnotimprove the costeither sinced; < d». Thebasicproblemin this example
is thatthe lateny functionscould increasesharply Whentheir slopesare boundedthe following lemmas
shawv thatonecanobtainbetterbounds.

Proof of Lemma 4: We canassumehatz(A) — y(A) > ar, elsethepreviouslemmasshav that2SSgives
theoptimalsolution.Letz = Nash(A, (1 —a)r —y(A)). Definethestaclkelbeg stratgy sin thefirst round
ass; = y; — 24,1 € Aands; = 0,i € A. Thenzi s; = ar andtheinducedNashequilibrium,t is such
thats+t = y. In the secondround,chooseary s’ suchthats; = 0,7 € A andyZ < st < z,i € Aand
> si=ar. Letz=s'+t. Clearly z; = %,i € A and ygﬁg = % > . Thereforethereis an
i € A suchthaty; < z;/(1 — «). Fromour assumptioraboutthe lateny functlons,&(yz) > Ui(z) ().
Let L(y) bethecommonNashlateny for y andL(z) bethecommonlateny of z, on A.

Now,
Oxa) > O2a) = (5(A) +)Ly) > (y(4) +ad(;——) L.
C(z4) = (1 — a — y(A))I(2). Thisgivesus
(1= 9(4) ~ )C(z4) > (y(A) +adl;——))C(25),

whichimplies

whereg = ¢(1-). Therefore,

Thefollowing lemmarelatesthe costsof the optimumflow of » andthe nashflow of 7.

Lemma 10 Supposex = OPT(S,r) andy = Nash(S,r'). Then,C(x) = (r — T)L(y) + X, ai(zi —
%)2 4 ”Ty whee L(y) is thecommorNashlatencyfor y.

Proof:
C(x) = > aiz} +bz;
= Z(wi —yi/4)(aiyi + b;) + Zai i —i/2)” + biyi /4
- Z( —y;/4)L +Zaz —i/2)% + by /4
- (; =LY + D ailm - 5i/2)” + biyi/4 (1)
]
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Proof of Obsewation 2: C(x4,) = (8’ + « — 1)L, whereL is thecommonNashlateny of zon A,. Since
Vi € Ag, Li(x;) > £i(2;),

XA2 Z :EZL = 16113_7'810(2,42).

i€Ao + a- /61

Thisimplies
(8" + a)C(Xa,) 2 BC(24,) + BL(C(Xa,) — C(2a,)) = BCa(2) + BB — B — )L

ThensinceC(X4,) = C(z4,), Vi € A1,4;(z;) < L,and z(4;) = p1, weget

(8" + &)C(xa,) = BC(24,) = (B = B — a)C(24,) > BC(z4,) — (B =B = )1 L.
Adding up theseinequalitieswe have (3’ + a)C(x) > 8C(z) M
Lemmall Asbefoe, letx = OPT(M,r) andy = Nash(M,r). Then,z; > y;/2,Vi.

Proof: Letp bethesmallestindex suchthatdy is 0, andm + 1 if nosuchindex exists. Similarly, Ietq bethe

smallestindex suchthatd, = 0, andm + 1 if nosuchindex exists. Clearlyp > q. Foralli < g, 6f = 6;/2
andfor i > ¢, 0F > 6;/2. Fromthepra/loustwo lemmas;z; = Z;” ; 5;‘@ A andy; = Z;” ; 6]a il The
i J

lemmanow followsHl

Proofof Lemma5: ThesetA is definedasbefore,asthesetof ; suchthatz; > y;. Letz(A) = pr,y(4) =
B'r. As before,the initial staclelbeg assignmens is concentratedn A, in sucha way thats + t = vy,
wheret is the nashassignmeninducedby s. The best2SSstratgy would be to chooses sothatafterthe
first round,whens is transferredo elementof A, theremaindeion A is assigneaptimally. Becausef the
difficulty of analyzingthis,we consideradifferentscheméoelow. Following earlierremarkswewill assume
thatz(A) —y(4) > a.

Thealgorithmfor 2SSdepend®on the following two casesandentailsspecifyingthe assignments, s'.
Choosings’: In boththe casesthe assignmens’ is constructedy performingthe reassignmendperation
definedearlier which involvesaddinga flow of ar to thenashassignmeny 4 on A.

Wefirstderive alowerboundfor C(x 4) beforethechoiceof s. Asbefore,z, is definedasy 4 +s4. Recall
thatz; > y;,Vi € A. ThereforeC(zA) (8" + a)rL(y). Lete besuchthatC(z4) = (8' + a + €)rL(y).
By Lemma2, C(xa) > (8 + 575)rL(y).

We now consideifferentcasesandconstructs separatelyn eachof these.

Casel: 3i € A suchthaty; — z; > ar.
By Lemmall,y; < 2x;, whichimpliesz; > y; — z; > ar.

First,supposeé; > 6 L(y). Definez; = Nash(A,r(1 — 8 — a)).
Choosings: choosesass; = y; — z;,Vj € Aands; = 0,Vj € A. By lemmal0,C(x3) > (1 -8 —
1’ﬁ'"‘)rL(zA) + b;z; /4. Sincey; — z; > ar, andz is thenashflow obtainedby reducingatotal of ar flow
from A, z; > z; > ar. ThereforeC(xz) > ML( z). Combiningthis with thelower boundfor

C(xa), wehave C(x)/C(z) > 3t + % If € > a, wegetC(x)/C(z) > M. If € < a,

wegetC(x)/C(z) > w wherewetake § = o /4.

Next, supposehatb; < §L(y).
Choosings: In this case,chooses; = ar ands; = 0,5 # i. Definez; asz = y; — ar andz; =
y;, Vi € A\ {i}. Clearly whens is removedfrom A, theremaindemonit is zz. Letz; = yr > ar and
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yi = y'r > 2ar. By lemmal0,C(xz ) > (1 — B —y — FE=0)rL(y) = S28=40027 1 1, (y). Since

)
bi < OL(y), i(z) < L2220 L(y) andC(xqy) < (¥ —a )%Wuy). Clxgy) = v(aiy+b;) > L L(y).
Puttingall of thesetogetherwe get

34 ! ! 4 4 2 /0 ! _
C(x) > ”5“4* Y1) and C(Z)§(1+e—a77,a+a5)L(y).

Thus,usingy’ > 2«, we get

C(X) 3+a S o —4y'ad ++'(1 — a)e
C(2) 4 = 49'(1+¢€)

Whene > a, we get ggg > 3+a4+a2 , with § setto o? /4. Whene < «, we obtain

C(x) 3ta a?
Clz 4 ~ 4(1+a)

Case2: y; — z; < ar,Vi € A.
In this casetherealwaysexistsasetB C A suchthatar/2 < y(B) —z(B) < ar. Letz(B) = yr,y(B) =
v'r. Definez 5, g = Nash(A\ B,r(1 — ' —y — a)) andzp = xp.
Choosings: Chooses sothats; = y; — z;,Vj € B ands; = y; — z;,j € A\ B. After thefirst round,
whensis movedto 4, assignmenz remainon A. By LemmalOC(xA\B) (1-B—v— 1ﬁg#)L(z),

whichgivesC(x 5 5) > =231 (7). C(z4,5) = (1 - B —v— ) L(2). Addingtheabore inequalities,
we get
3—3v+a+4Be/(a+ [
Cxan\B) > i 1 Pe/( ﬁ)L(z).
Thus
C(Xp\B) S 3—3v+a+4pe/(a+ ) S 3+« N ay+ (1 —a)e

SinceCp(Xx) = Cp(z), chg is boundedvy thesameratio. By Obseration2,y > «/2. Thus,if € > v, then

C(x) S 3+a+(1-a)a/2
C(z) — 4
else
Cx) _ 3+a+a?/2
C(2) = 4 u

7 ReverseStackelberg Strategy

In this sectionwe explorethemodelwherethe staclelbeg assignmenis madeaftertheremaining(1l — «)r
fractionhasformedanashequilibrium. Clearly thebeststaclelbeg stratgy would beto assigrthea fraction
optimally, giventheremainingassignmentThelemmabelov shavsthatsuchastratgy is atleastasgoodas
1SS.Lett bethe nashassignmenof thel — « fractioninitially. Lets = OPT (M, ar, £) bethe subsequent
staclelbeg assignmentwherel, (u) is definedast, (u + t.), Ve. We still have the modelof a network with
two nodesandm parallellinks betweerthem.
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Lemmal2 C(s+t) > Ciss, Whee Cgs is thecostof thebeststrategy for 1SS.

Proof: Let A = {i : z; > t;}, wherex is the optimal assignmentasbefore. Note thatz(A) < t(A4) =
r(1 — a) — t(A), which impliesr — z(A) — t(A) = z(A) — t(A) > ar. Consideran assignmens’
that assignsar to elementsin A, while keepings; + ¢; < z;,Vi € A, which can easily be donesince
z(A) —t(A) > ar. Clearly C(x) > Ca(s' +t) > (t(A) + ar)L, whereL is thecommonnashlateny of t.

If Ca(s' +t) = (H(A) + ar + er)L, C(s' + t) = (1 + ¢)rL, andthereforeC(x)/C(z) > UATtate > ¢
|
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